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Abstract
The phenomenological constraints on extra neutral gauge bosons at present and at future
colliders are reviewed. Special attention is paid to the influence of radiative corrections, sys-
tematic errors, and kinematic cuts on the Z ′ constraints. Simple estimates of the Z ′ constraints
from different reactions are derived. They make the physical origin of these constraints trans-
parent. The results existing in the literature are summarized and compared with the estimates.
The consequence of model assumptions on the Z ′ constraints is discussed. The paper starts
with an overview of Z ′ parameters and the possible links between them by model assumptions.
It continues with a discussion of Z ′ limits and Z ′ measurements in different reactions at e+e−
and µ+µ− colliders. It follows an overview of the corresponding limits at proton colliders.
Possible Z ′ constraints from other reactions as ep collisions, atomic parity violation, neutrino
scattering and cosmology are briefly mentioned.
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Chapter 0
Introduction
A neutral gauge boson is a spin–one particle without charge. It transmits forces in gauge
theories. One well known neutral gauge boson is the photon. In 1923, A. H. Compton found
the direct experimental confirmation that the photon is an elementary particle. The photon is
connected with the U(1)em gauge symmetry of electrodynamics. Noether’s theorem states that
this symmetry must correspond to a conserved quantity, the electric charge. The U(1)em gauge
symmetry is exact. Therefore, the mass of the photon is zero. It can mediate interactions to
infinite distances.
Matter interacts not only through electromagnetic forces. In particular, weak decays as
the β–decay violate quantum numbers respected by electrodynamics. These processes indicate
that there must be additional fundamental interactions. In 1961, S.L. Glashow, S. Weinberg
and A. Salam proposed the unified description of electromagnetic and weak phenomena in a
gauge theory based on the gauge group SU(2)L×U(1)Y . At low energies, we can only observe
the U(1)em symmetry. Therefore, the SU(2)L × U(1)Y gauge symmetry must be broken at
some energy scale Eweak. Processes with energies E ≪ Eweak feel only the U(1)em symmetry
of electrodynamics. At energies E > Eweak, the interaction has the full SU(2)L × U(1)Y
gauge symmetry. In the language of particles, this means that the weak interaction must be
mediated by gauge bosons, which have masses of the order of Eweak. We know experimentally
that Eweak = O(100)GeV .
The theory of weak interactions explains β decay by the virtual exchange of a heavy
positively or negatively charged gauge boson, the W±. These charged gauge bosons are
associated to the SU(2)L gauge group. The SU(2)L gauge symmetry has also one neutral
(diagonal) generator. The particle associated with this neutral generator must be a neutral
gauge boson with a mass of the order of Eweak. Because the electromagnetic symmetry U(1)em
is different from the U(1)Y symmetry, the mass eigenstates γ and Z of the neutral gauge bosons
are a linear combination of the two neutral gauge bosons associated to the SU(2)L and U(1)Y
gauge groups. Their properties are predicted in the electroweak theory. The predictions for
the Z boson are confirmed by the experiments at LEP and SLC with an incredible precision.
In addition to electroweak interactions, there exist at least two other fundamental interac-
tions, the strong interaction and gravity.
Many physicists believe that all fundamental interactions must have one common root.
They don’t like the complicated gauge group of the SM. They suppose that strong and
electroweak interactions can be described by one simple gauge group G at very high en-
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ergies E > EGUT . Such theories are called grand unified theories (GUT’s) [1]. For ener-
gies E ≪ EGUT the gauge group G must be broken [2] to retain the SM gauge symmetry
SU(3)c × SU(2)L × U(1)Y . One can imagine this symmetry breaking similar to the breaking
of the SU(2)L × U(1)Y symmetry to U(1)em in the SM.
As was shown by H. Georgi and S.L. Glashow in 1974, the smallest simple gauge group G,
which can contain the SM, is G = SU(5). The number n of neutral gauge bosons of a GUT is
given by n = rank[G]. We have rank[SU(5)] = 4. Therefore, there is no room for additional
neutral gauge bosons in the SU(5) GUT.
GUT’s make predictions which can be tested in experiments. In particular, they predict
that the proton must decay. This decay is mediated by the exchange of gauge bosons with a
mass O(EGUT ). It is the analogue of the β decay described in the electroweak theory. To be
consistent with present experiments on proton decay, we get the condition EGUT > 10
15GeV .
This energy is much larger than Eweak. It is important that it is smaller than the Planck
mass, MP =
√
h¯c/GN ≈ 1.2 · 1019GeV . At energies above the Planck mass, gravity is
expected to become as strong as the other interactions. At energies well below MP , as it
happens in GUT’s, the effects of gravity can be neglected. EGUT is also predicted as the
energy where the three running gauge coupling constants of the SM gauge group become
equal. The value of EGUT obtained experimentally by this matching condition predicts a
proton lifetime, which contradicted the measurement already several years ago. Only the
recent precision measurements at LEP and SLC could prove that the three running gauge
couplings do not meet in one point if they run as predicted in the SU(5) GUT. Therefore,
one must add something else if one wants to describe all SM interactions by one simple gauge
group. One popular direction of research is supersymmetry.
We are interested here in another solution of the problem, the consideration of larger
unification groups. All GUT’s with gauge groups larger than SU(5) predict at least one extra
neutral gauge boson (Z ′). It was shown by H. Fritzsch and P. Minkowski in 1975 that the next
interesting gauge group larger then SU(5) is SO(10). The SO(10) theory predicts one extra
neutral gauge boson because rank[SO(10)] = 5. It is a non–trivial fact that all SM fermions
of one generation fit in only one multiplet of SO(10). To complete the multiplet, one new
fermion with the quantum numbers of the right–handed neutrino must be added. The SO(10)
GUT is not in contradiction with present experiments. GUT’s with gauge groups larger than
SO(10) predict more than one extra neutral gauge bosons and many new fermions. These new
(exotic) fermions must be heavy to make the theories consistent with present experiments.
The mass of the Z ′ is not constrained by theory. A priori, it can be anywhere between
Eweak and EGUT . As was shown in references [3, 4], it has naturally a mass of about one TeV in
some supersymmetric GUT’s. Then, a Z ′ can be observed at the next generation of colliders.
An observation of a Z ′ would provide information on the GUT group and on its symmetry
breaking. It is of special interest for experimental physicists because a Z ′ would serve as a
calibration point for future detectors. The study of the Z ′ phenomenology is therefore an
important part of the scientific program of every present and future collider.
As the SM Z boson, the Z ′ is expected to be a very short–lived particle. It can only be
observed through its decay products or through indirect interference effects. It can be detected
either in very high energy processes or in high precision experiments at lower energies. In the
first kind of processes, the energy of the colliding particles must be high enough to produce
a Z ′. The decay products of the Z ′ must be then detected above the SM background. Such
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a background is always present because the SM Z boson or the photon are produced by the
same processes, which create a Z ′. In precision experiments, the experimental errors and the
errors due to the theoretical predictions of the observables must be smaller than the expected
deviations due to a Z ′.
There are several previous reviews on Z ′ physics. References [5, 6] give an overview of Z ′
physics in the E6 GUT. In reference [7] the search for a Z
′ in high precision experiments is
reviewed. A recent short review is given in [8].
In the recent years, extensive studies on the sensitivity of future e+e− [9], pp(pp¯) [10] and
e±p [11] colliders to a Z ′ have been completed. Among the new developments are
• the inclusion of radiative corrections, realistic experimental cuts and systematic errors in
Z ′ studies and the development of codes allowing direct Z ′ fits to experimental data;
• the discussion of a Z ′ not only in the context of a model but also without model assumptions;
• the experimental successes during the last years of precision measurements, heavy flavour
tagging and highly polarized beams allow the investigation of new observables.
In this paper, we review the main results of these new developments. Special attention is
paid to the mechanisms leading to Z ′ limits in the different reactions. The resulting approxi-
mate formulae make the dependence of Z ′ constraints and Z ′ measurements on experimental
conditions and model parameters transparent. The approximate formulae are compared with
the existing results in the literature.
We divide the paper into five chapters and several appendices. In the first chapter, we
introduce the parameters describing extra neutral gauge bosons. The E6 GUT is considered
as an example of a theory containing extra neutral gauge bosons. Far below the Z ′ resonance,
the Z ′ can be described as a special case of four fermion contact interactions. A general
formalism of the inclusion of Z ′ effects in Standard Model cross sections are form factors. We
emphasize that it is necessary to distinguish between model dependent and model independent
Z ′ analyses. We conclude the first chapter with some general remarks on the data analysis.
In the second chapter, we list Z ′ constraints at e+e−, e−e− and µ+µ− colliders. The con-
straints from various reactions are considered in individual sections. Every section is organized
in the same pattern. First, the relevant observables are discussed in the Born approximation.
It is followed by a discussion of radiative corrections. Finally, different Z ′ constraints are
considered. If necessary, different cases of the center–of–mass energy are distinguished.
In the third chapter, the Z ′ constraints obtained at hadron colliders are considered.
Z ′ constraints from other experiments; electron–proton collisions, atomic parity violation,
neutrino scattering and cosmology are mentioned in chapter four.
Chapter five contains our summary and conclusions.
Two appendices complete this paper. The main notation is collected in appendix A.
Appendix B contains an overview of the available FORTRAN codes suitable for Z ′ fits in different
experiments.
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Chapter 1
Preliminary considerations
1.1 Parameters describing extra neutral gauge bosons
Information on extra neutral gauge bosons can be obtained through experimental constraints
on or measurements of its parameters. These Z ′ parameters are introduced in this section.
After fixing our assumptions and notation, we consider effects of gauge boson mixing. We
then deal with the Z ′ couplings to SM fermions and with Z ′ decays to SM particles.
1.1.1 Assumptions and limitations
Suppose that a Z ′ exists in nature. Then, its parameters depend on many unknown details of
the theory.
We assume that at most one extra neutral gauge boson is light enough to give the first
signal in future experiments and that no other signals from a GUT are found at that time. In
the case where there are additional signals of new physics, they would give interesting extra
information on the parameters of the new theory.
We assume that the underlying effective gauge group at low energies is
SU(3)c × SU(2)L × U(1)Y × U ′(1). (1.1)
We further assume that the couplings of the Z ′ to fermions are universal for all generations.
In models where this is not the case, one has to be careful about the suppression of flavour
changing neutral currents. See reference [12] for recent constraints on such models and for
further references.
A GUT containing a Z ′ predicts many new particles as, for example, additional (exotic)
fermions, additional charged gauge bosons or additional Higgs bosons. In the simplest case
of a SO(10) GUT, the only additional fermion is one right–handed neutrino. The number of
exotic fermions rises drastically for larger gauge groups. The couplings of these fermions to
gauge bosons are fixed in the GUT but their masses are not constrained by the theory. Under
our assumption that the Z ′ gives the only signal of the GUT, the decays of the Z ′ to exotic
fermions and Higgs bosons are kinematically suppressed [13].
We neglect the mixing of SM fermions with exotic fermions [14] and possible simultaneous
mixing of gauge bosons and fermions [15].
6
In a SUSY GUT, many interactions involving supersymmetric particles are predicted. We
do not consider these effects [16].
We do not discuss either the special case of leptophobic Z ′ models [17, 18], which where
constructed to explain the discrepancy of Rb at LEP with the SM expectations.
BESS models [19] also predict extra neutral gauge bosons. The corresponding Z ′ limits
derived for hadron [20, 21] and lepton [20, 22, 23] colliders will not be discussed here.
1.1.2 Mixing
There are no quantum numbers which forbid a mixing of neutral gauge bosons. However, the
ZZ ′ mixing arises naturally in many models.
1.1.2.1 Kinetic mixing
We first consider the case where all neutral gauge bosons are massless. Assume diagonal
kinetic terms of the gauge fields. The general tree level parametrization of the neutral current
Lagrangian for the gauge group (1.1) is then [24, 25]
−LNC = f¯γβ
{
gT f3W3β + g
′
11Y
fB′β + g
′
12Y
fZ ′2β + g
′
21Q
′fB′β + g
′
22Q
′fZ ′2β
}
f, (1.2)
where the summation over the fermions f is understood, T f3 is the third component of the
SM isospin, Y f is the hypercharge and Q′f is the charge due to the new U ′(1). The particles
associated with the U(1)Y and U
′(1) gauge groups are denoted as B′ and Z ′2, correspondingly.
W3β is the same field as defined in the SM.
The non–zero contributions proportional to g′12 and g
′
21 can arise during the evolution from
GUT energies to the weak scale. The two by two matrix g′ij can be made triangular by a
rotation of the two abelian gauge bosons around the angle θK , cK = cos θK , sK = sin θK ,(
B′β
Z ′2β
)
=
(
cK −sK
sK cK
)(
Bβ
Z ′β
)
. (1.3)
The angle θK describes the kinetic mixing. After the mixing (1.3), the Lagrangian (1.2)
transforms to
− LNC = f¯γβ
{
gT f3W3β + g11Y
fBβ + g12Y
fZ ′β + g22Q
′fZ ′β
}
f (1.4)
with g11 = g
′
11cK + g
′
12sK , g12 = −g′11sK + g′12cK , g21 = g′21cK + g′22sK ≡ 0 and g22 =
−g′21sK + g′22cK .
If there is no additional symmetry requiring g12 = 0, the term proportional to g12 is needed
to ensure the renormalizability of the theory [25].
Kinetic mixing plays an important role in some leptophobic models [26] and can commu-
nicate SUSY-breaking to the visible sector [27].
Kinetic mixing between the gauge bosons W3β and Bβ is forbidden in the SM by SU(2)L
gauge invariance.
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1.1.2.2 Mass mixing
Gauge symmetry must be broken at low energies to describe massive gauge bosons.
In the SM, the entries of the mass matrix
LM = 1
2
(B, W3)M
2
SM
(
B
W3
)
, M2SM =
(
M2B −MWMB
−MWMB M2W
)
(1.5)
are related to the vacuum expectation value v of the Higgs field,
Φ =
(
φ+
φ0
)
, 〈φ0〉 = gv√
2
, MW =
gv
2
, MB =
g11v
2
. (1.6)
M2SM is diagonalized by a rotation of the symmetry eigenstates around the Weinberg angle
θW , cW = cos θW , sW = sin θW leading to the well-known mass eigenstates of the photon and
the Z boson, (
γ
Z
)
=
(
cW sW
−sW cW
)(
B
W3
)
. (1.7)
The masses of the mass eigenstates are
M2Z =M
2
W +M
2
B, M
2
γ = 0. (1.8)
The mass of the photon is zero due to the exact U(1)em gauge symmetry at low energies
reflecting charge conservation. This symmetry protects the photon from further mixing.
The Weinberg angle is related to the entries of the mass matrix (1.5),
tan 2θW =
2MWMB
M2W −M2B
. (1.9)
We get the following relations between the Weinberg angle and the mass values,
t2W =
s2W
c2W
=
M2B −M2γ
M2Z −M2B
=
M2B
M2W
, and MBMW = sW cW (M
2
Z −M2γ ) = sW cWM2Z . (1.10)
In a theory with the gauge group (1.1), the mass matrix of the Z and Z ′ receives non-
diagonal entries δM2, which are again related to the vacuum expectation values of the Higgs
fields,
LM = 1
2
(Z, Z ′)M2ZZ′
(
Z
Z ′
)
, M2ZZ′ =
(
M2Z δM
2
δM2 M2Z′
)
. (1.11)
We assume that the vacuum expectation values of the Higgs fields are real. The mass matrix
(1.11) is diagonalized by a rotation of the fields Z and Z ′ around the mixing angle θM ,
cM = cos θM , sM = sin θM leading to the mass eigenstates Z1 and Z2,(
Z1
Z2
)
=
(
cM sM
−sM cM
)(
Z
Z ′
)
. (1.12)
The masses M1 and M2 of the mass eigenstates Z1 and Z2 are
M21,2 =
1
2
[
M2Z +M
2
Z′ ±
√
(M2Z −M2Z′)2 + 4(δM2)2
]
. (1.13)
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It follows that
M1 < MZ < M2, and hence ρmix =
M2W
M21 c
2
W
>
M2W
M2Zc
2
W
= ρ0 = 1. (1.14)
We have MZ = M1 and MZ′ = M2 for θM = 0. LEP 1 and SLC performed precision
measurements of the mass eigenstate Z1.
Similar to the SM, the mixing angle θM is related to the entries of the mass matrix (1.11),
tan 2θM =
2δM2
M2Z −M2Z′
. (1.15)
We get the following relations between θM and the mass values,
t2M =
s2M
c2M
=
M2Z −M21
M22 −M2Z
(1.16)
and
δM2 = sMcM(M
2
1 −M22 ). (1.17)
For fixed M1 and MZ , equation (1.16) relates θM and M2 independently of the Higgs sector.
This constraint on θM is called the mass constraint [5, 6]. It predicts θM ∼ 1/M2 for largeM2.
For a fixed Higgs sector, δM2 is also fixed leading to the constraint on θM given in equation
(1.17). It is called the Higgs constraint [5, 6]. For large M2, it is stronger than the mass
constraint predicting the asymptotic behaviour θM ∼ 1/M22 [5, 6].
1.1.2.3 Alternative parametrization of the mixing
In left-right models [28] with the gauge group
SU(2)L × SU(2)R × U(1)B−L, (1.18)
the mass eigenstates γ, Z1 and Z2 are obtained by a one–step mixing through an orthogonal
3 by 3 matrix [29],

Z1
Z2
γ

 =


cW cM sW cMcLR + sMsLR sW cMsLR − sMcLR
−cW sM −sW sMcLR + cMsLR −sW sMsLR − cMcLR
−sW cW cLR cWsLR




W3L
W3R
YB−L

 , (1.19)
depending on the three mixing angles θW , θM and θLR with sLR = sin θLR, cLR = cos θLR. In
equation (1.19), we adapted the notation to our definitions. Note that the fieldsW3L,W3R, YB−L
commute in the gauge group (1.18).
In previous sections, we described the mixing of the neutral gauge bosons associated with
the gauge group (1.1) by two mixing angles θW and θM . To apply this procedure to left-right
models, one has to first break the gauge group (1.18) to SU(2)L×U(1)Y ×U ′(1). This breaking
will generate non-diagonal terms in the associated gauge fields through fermion loops [26] if∑
chiral fermions f (Q
fQ′f) 6= 0. These non-diagonal terms can be described by a non-zero g12
in equation (1.4). In the case gR = gL, no non-diagonal terms exist (g12 = 0) and the mass
matrix can be diagonalized by the two angles θW and θM [28] in both mixing procedures.
In this paper, we prefer the two-step mixing procedure. It has advantages in the model
independent approach where one starts with the gauge group (1.1) and the corresponding
symmetry eigenstates B and Z ′.
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1.1.3 Couplings to SM fermions
The couplings of the symmetry eigenstate Z ′ to fermions are fixed in a GUT. Experiments are
sensitive to the couplings of the mass eigenstates Z1 and Z2.
1.1.3.1 Couplings of the Symmetry Eigenstates
The Lagrangian (1.4) can be written in the form
− LNC = eAβJβγ + g1ZβJβZ + g2Z ′βJβZ′. (1.20)
It contains the currents
Jβγ =
∑
f
f¯γβ vf (0) f, J
β
Z =
∑
f
f¯γβ [vf − γ5af ] f, JβZ′ =
∑
f
f¯γβ [v′f − γ5a′f ] f. (1.21)
To fix the notation, we give here the coupling constants of the photon and the SM Z boson
to the SM fermion f ,
g0 ≡ e =
√
4πα = gsW , vf (0) = Q
f , af (0) = 0,
g1 =
e
2sW cW
= (
√
2GµM
2
Z)
1/2, vf = T
f
3 − 2Qfs2W , af = T f3 ,
(1.22)
with T e3 = −12 , Qe = −1. Differently from the SM, it is useful to define the electric charge as
Qf ≡ T f3 +
√
5
3
Y f in GUT’s. The comparison of the two Lagrangians (1.4) and (1.20) then
gives g11 =
√
3
5
e/cW .
The couplings g2, v
′
f and a
′
f depend on the particular Z
′ model. In the Sequential Standard
Model (SSM), all couplings of the Z ′ to SM fermions are equal to those of the SM Z boson,
g2 = g1, v
′
f = vf , a
′
f = af . Although it is hard to obtain the SSM in GUT’s, it is a popular
benchmark model, which is limited in different experiments.
Starting from the Lagrangian (1.4) and identifying g2 = g22, one obtains v
′
f and a
′
f as a
function of the charge Q′f and the hypercharge Y f [25],
v′f = Q
′fL +Q′fR +
g12
g22
(Y fL + Y fR) = Q′fL +Q′fR +
g12
g22
√
3
5
(−T f3 + 2Qf),
a′f = Q
′fL −Q′fR + g12
g22
(Y fL − Y fR) = Q′fL −Q′fR + g12
g22
√
3
5
(−T f3 ). (1.23)
We define the couplings to left- and right-handed fermions as
L′f =
1
2
(v′f + a
′
f ), R
′
f =
1
2
(v′f − a′f ). (1.24)
A possible charge Q′ν
c
L = −Q′νR is not considered here because we count the right handed
neutrino as an exotic fermion, which is assumed to be heavy. Therefore, vν−aν does not enter
our analysis. Hence, only seven of the eight couplings v′f and a
′
f are independent.
For extra neutral gauge bosons arising in the gauge group (1.1), we have
[Q′f , T f3 ] = 0. (1.25)
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Then, the two relations
Q′uL = Q′dL ≡ Q′qL and Q′eL = Q′νL ≡ Q′lL (1.26)
must be fulfilled to preserve SU(2)L gauge invariance. Relations similar to (1.26) are fulfilled
for the hypercharges Y f in the SM. Therefore, the relations (1.26) remain valid if the charges
Q′f are replaced by the corresponding Z ′ couplings to fermions. It follows that v′f and a
′
f can
be parametrized by the following five independent couplings,
L′u = L
′
d ≡ L′q, L′e = L′ν ≡ L′l, R′u, R′d, R′e. (1.27)
1.1.3.2 Couplings of the Mass eigenstates
From equations (1.23) and (1.12), we deduce the couplings of the mass eigenstates Z1 and Z2
to fermions,
af (1) = cMaf +
g2
g1
sMa
′
f ≡ af (1− yf),
vf (1) = cMvf +
g2
g1
sMv
′
f ≡ af (1)
[
1− 4|Qf |s2W (1− xf)
]
,
af (2) = cMa
′
f +
g1
g2
sMaf ,
vf (2) = cMv
′
f +
g1
g2
sMvf . (1.28)
The functions xf and yf give the ZZ
′ mixing in terms of form factors,
xf = (1− vf/af )−1
(
vf + tMv
′
fg2/g1
af + tMa′fg2/g1
− vf
af
)
≈ θM g2
g1
a′f
af
v′f/a
′
f − vf/af
1− vf/af ,
yf = −sM
g2a
′
f
g1af
+ (1− cM) ≈ −θM
g2a
′
f
g1af
. (1.29)
They are convenient for a simultaneous description of ZZ ′ mixing and electroweak corrections
at the Z1 peak [30]. We neglect terms of higher order in the mixing angle in the last ap-
proximation in equation (1.29). For small mixings, xf and yf are small being proportional to
θM .
1.1.4 Decay width
We consider here only Z ′ decays to SM particles. We refer, for example, to reference [6] for
the decay widths to other particles present in a GUT and to [31] for Z ′ decays to bosons.
1.1.4.1 Born approximation
The partial decay width of the Zn, n = 1, 2 to a fermion pair f f¯ is [32]
Γ(Zn → f f¯) ≡ Γf0n = NfµMn
g2n
12π
{[
vf(n)
2 + af (n)
2
] (
1 + 2
m2f
M2n
)
− 6af (n)2
m2f
M2n
}
, (1.30)
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Nf is the color coefficient, i.e. Nf = 1(3) for f = l(q). µ is the phase space factor due to the
massive final fermions, µ =
√
1− 4m2f/M2n.
A Z ′2 originating from the gauge group U
′(1) given in (1.1) or the Z ′ arising after kinetic
mixing (1.3) have no couplings to W bosons. However, in the case of a non-zero mass mixing,
the Z component contained in the mass eigenstates Z1 and Z2 interacts with W bosons,
gWWZ1 = gWWZcM , gWWZ2 = gWWZsM , where gWWZ = ecW/sW is the SM coupling between
W ’s and the SM Z boson. The structure of the interaction is essentially the same as in the
SM. The partial decay width of the Z2 to a W
+W− pair is then [31]
Γ(Z2 →W+W−) ≡ ΓW02 (1.31)
=
g2WWZM2
192π
s2M
(
M2
MZ
)4 (
1− 4M
2
W
M22
)3/2 (
1 + 20
M2W
M22
+ 12
M4W
M42
)
.
In GUT’s, Γ(Z2 → W+W−) is kept in a reasonable range forM2 →∞ because the potentially
dangerous factor M42 is compensated by small mixing angles s
2
M ≈ 1/M42 , due to the Higgs
constraint (1.17).
The decays Z2 → f f¯V, V = Z,W are of higher order. However, they are logarithmically
enhanced by soft and collinear radiation. In the limit M2Z/M
2
2 ≪ 1, the decay width becomes
[33]
Γ(Z2 → f f¯Z) ≡ ΓffZ02 (1.32)
=
M2g
2
1g
2
2
192π3
[
R2f(2)R
2
f (1) + L
2
f (2)L
2
f (1)
] [
ln2
(
M2Z
M22
)
+ 3 ln
(
M2Z
M22
)
+ 5− π
2
3
+O
(
M2Z
M22
)]
.
The decay width Γ(Z2 → f f¯W ) ≡ ΓffW02 can be obtained from equation (1.32) by an appro-
priate replacement of the couplings and masses. The decays Z2 → f f¯γ and Z2 → W+W−γ
are considered as radiative corrections to the decays Z2 → f f¯ and Z2 → W+W−.
All other decays of the Z2 to SM particles are expected to be small. Decays of the Z2
to non-standard particles depend on additional model parameters. We assume that they are
kinematically suppressed.
The total decay width Γn of the Zn is defined as the sum over all partial decay widths. It
is convenient to combine Mn and Γn in the complex mass,
m2n =M
2
n − iMnΓn. (1.33)
1.1.4.2 Higher order effects
The Z ′ width can be neglected in experiments with typical energy transfers much lower than
M2 as far as Γ2 ≪ M2. Γ2 can be measured in pp(pp¯) collisions for s > 2(3)M22 or in e+e−
collisions for s ≥M22 . To reach the experimental accuracy, the inclusion of higher order effects
is necessary in these experiments. Radiative corrections to Γ2 are absolutely necessary for
precision measurements at the Z2 peak in e
+e− or µ+µ− collisions.
Of course, tree level decays to non-standard particles have to be included if they are
not suppressed. In this case, the corresponding parameters must be measured in independent
experiments. We concentrate here on known higher order effects of the decays to SM particles.
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Radiative corrections Radiative corrections to Γf02 can be deduced from the results known
for SM Z decays [34],
Γfn = Γ
f0
n RQEDRQCD, n = 1, 2,
RQED =
(
1 +
3
4
α
π
(Qf )2
)
,
RQCD = 0 for f = l, (1.34)
RQCD = 1 +
αs(M
2
1 )
π
+ 1.405
α2s(M
2
1 )
π2
− 12.8α
3
s(M
2
1 )
π3
− (Q
f )2
4
ααs(M
2
1 )
π2
for f = q.
For Γt2, the top mass should also be taken into account in the radiative corrections [35]. See
reference [36] for O(ααs) corrections in that case.
The SM weak corrections to SM Z decays are calculated in reference [37] in terms of form
factors. See also section 2.1.2.4. The concept can be generalized to SM weak corrections of
Z2 decays to SM fermions. The full one-loop corrections in the GUT depend on the details
of the theory. They can only be calculated if all relevant new parameters are known from
independent experiments.
The main corrections to ΓW02 are QED corrections from radiation off the final state and
the Coulomb singularity. See section 2.3.2 or [38] for further details and references.
Radiative corrections to ΓffV 02 are expected to be a small correction to a small quantity.
The known SM corrections to four fermion final states are summarized in reference [39].
Mass mixing Mass mixing changes the partial decay widths of the Z2 because it induces
changes in the couplings. The effect is of the order θM and is therefore small due to the present
experimental limits on the mixing. It is interesting for precision measurements in e+e− or µ+µ−
collisions at s ≈M22 . It must be taken into account together with weak corrections of the full
GUT.
Energy dependent width effects At lowest order, a particle has no width. It is obvious
that a width is needed to describe a resonance. The simplest approximation is to use the
constant width in the propagator, which is calculated in the previous sections. The next step
of precision is to take into account that the width is a function of the energy.
In general, the inclusion of a finite width violates gauge invariance because it partially
takes into account effects, which are of higher order in perturbation theory. It is shown in [40]
that the gauge violating terms can be enhanced by large kinematic factors ∼ s/m2e in some
processes with four fermion final states, i.e. in e+e− → e+W−νe. The problem can be cured
by the inclusion of additional higher order contributions, which restore the gauge invariance,
see [40, 41] for further details.
The effect is under control in fermion pair production where one should take the s–
dependent width [42]. It is Γ2(s) ≈ sM22 Γ2(M
2
2 ) if the vector boson can decay only into
light particles.
The s–dependence of Γ2 leads to a shift ∆Epeak =
1
2
(Γ2/M2)
2M2 of the Z2 peak position
[42]. For s > M22 the width should be taken s–dependent too because it influences the radiative
tail as explained in section 2.1.2.1.
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1.1.5 Summary of Z ′ parameters
Under the assumptions of section 1.1.1, we are left with the following Z ′ parameters,
M2,Γ2 the mass and width of the mass eigenstate Z2,
θM the ZZ
′ mixing angle,
g2 the coupling strength,
vf(2), af(2) the vector and axial vector couplings to fermions. (1.35)
One can choose [43] the following quantities to parametrize the five independent Z2 cou-
plings (1.27) describing vf (2) and af(2),
ǫA ≡ [Ll(2)−Re(2)]2 g
2
2
4πα
s
M2Z′ − s
= a2e(2)
g22
4πα
s
M2Z′ − s
,
P eV ≡
Ll(2) +Re(2)
Ll(2)−Re(2) =
ve(2)
ae(2)
,
P qL ≡
Lq(2)
Ll(2)−Re(2) =
vq(2) + aq(2)
2ae(2)
,
P iR ≡
Ri(2)
Lq(2)
=
vi(2)− ai(2)
vi(2) + ai(2)
, i = u, d. (1.36)
In collisions of unpolarized protons, one is insensitive to the relative sign of the Z ′ couplings.
Then, an alternative set of parameters is convenient [44],
γlL ≡
L2l (2)
L2l (2) +R
2
e(2)
=
(v′l + a
′
l)
2
2(v′2e + a′2e )
,
γqL ≡
L2q(2)
L2l (2) +R
2
e(2)
=
(v′q + a
′
q)
2
2(v′2e + a′2e )
,
U˜ ≡ R
2
u(2)
L2q(2)
=
(v′u − a′u)2
(v′q + a′q)2
,
D˜ ≡ R
2
d(2)
L2q(2)
=
(v′d − a′d)2
(v′q + a′q)2
. (1.37)
ǫA can be added to equation (1.37) as the fifth parameter.
Both parameter sets are related, see reference [45].
1.2 Extra neutral gauge bosons in E6 models
In an E6 GUT [6, 46], the five independent charges Q
′f are constrained [45] in addition to
(1.26),
Q′e
c
L = Q′u
c
L = Q′qL, Q′lL = Q′d
c
L . (1.38)
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Therefore, the charges Q′f of a general Z ′ in an E6 GUT can be parametrized by two inde-
pendent parameters. However, the three conditions (1.38) lead to only two relations between
the Z ′ couplings [45] as far as the ratio g12/g22 in equation (1.23) is unknown,
2L′q +R
′
u +R
′
e = 0, L
′
q −R′d − L′l +R′e = 0. (1.39)
The experimental check of the conditions (1.39) allows to determine whether a Z ′ can belong
to the E6 breaking scheme or not.
There are many breakings possible in the E6 group. See [47] for an extensive discussion.
Let us not consider the general E6 case but restrict ourselves to the gauge breaking scheme
E6 → SO(10)× U(1)ψ → SU(5)× U(1)χ × U(1)ψ, (1.40)
where the linear combination
Z ′(β) = χ cosβ + ψ sin β (1.41)
is assumed to be light. The special case η = Z ′(− arctan
√
5/3) is often considered. β is the
free parameter in the breaking scheme (1.40). For the χ arising in the breaking of the SO(10)
[28, 32, 48, 49] to SU(5) [50] and the ψ arising in the breaking of the E6 to SO(10), we get
−Q′qLχ =
1
3
Q′lLχ =
1√
40
, Q′qLψ = Q
′lL
ψ =
1√
24
, g2 = g1
√
5
3
sW , g12 = 0. (1.42)
Equation (1.23) now defines the couplings of the Z ′ to SM fermions as given in table 1.1.
f E6: a
′
f v
′
f LR: a
′
f v
′
f
ν 3 cos β√
40
+ sinβ√
24
3 cos β√
40
+ sinβ√
24
1
2α
1
2α
e cos β√
10
+ sinβ√
6
2 cos β√
10
α
2
1
α
− α
2
u − cos β√
10
+ sinβ√
6
0 −α
2
− 1
3α
+ α
2
d cos β√
10
+ sinβ√
6
−2 cos β√
10
α
2
− 1
3α
− α
2
Table 1.1 The vector and axial vector couplings of the Z ′ to SM fermions in the E6 and LR models.
One has to be careful with the different notations for β in the literature. For example, the
model parameter θ in reference [6] is related to our β as β = θ + π/2.
Consider the gauge breaking scheme [51, 52]
SO(10)→ SU(3)c × SU(2)L × SU(2)R × U(1)B−L (1.43)
as a second example. Now the Z ′ couples to the current
JβLR =
√
5
3
(
αJβ3R −
1
2α
JβB−L
)
, α ≡
√√√√c2W
s2W
g2R
g2L
− 1, (1.44)
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where gL and gR are the couplings to the left- and right handed gauge groups. J3R is the
current associated with the SU(2)R group and B and L are baryon and lepton numbers,
B − L = 2(Q − T3L − T3R). α is constrained to lie in the range
√
2/3 ≤ α ≤
√
c2W/s
2
W − 1.
Within our conventions, we have
Q′fLR = Q
′f
χ
√
2
5
α2 + 1
α
, g2 = g1sW ,
g12
g2
=
1√
15
3α2 − 2
α
. (1.45)
The case α =
√
2/3 is identical to Z = χ. Again, equation (1.23) gives all Z ′ couplings to SM
fermions shown in table 1.1.
The decay width of a Z ′ to fermion pairs is small in E6 theories. Typical values for∑
f Γ
f
2/MZ′ are between 0.5% and 2% if only decays to SM fermions are kinematically allowed.
If the decays to all exotic fermions and Higgs bosons are possible, Γ2 becomes roughly three
times larger [31, 51].
The entries of the mass matrix (1.11) are completely defined in a fixed model. For example,
in a model with a gauge symmetry breaking by two Higgs doublets and one Higgs singlet [31],
Φ1 =
(
φ01
φ−1
)
, Φ2 =
(
φ+2
φ02
)
, Φ3 = φ
0
3, 〈φ0i 〉 =
gvi√
2
, i = 1, 2, 3, v2 = v21 + v
2
2, (1.46)
one gets [31]
δM2 = 2M2ZsW
Q′(φ1)v21 −Q′(φ2)v22
v2
, M2Z′ = 4M
2
ZsW
1
v2
3∑
i=1
[Q′(φ0i )vi]
2. (1.47)
Q′1 and Q
′
2 are the U
′(1) charges of the two Higgs doublets. The entry M2Z of the mass matrix
(1.11) is known from the SM. Equation (1.47) gives an example for the Higgs constraint (1.17).
The values of Q′(φ1) and Q′(φ2) depend on the particular symmetry breaking [53].
The Higgs constraint can be combined with the formula for ΓW2 . It gives Γ
W
2 ≈ Γe2 in
left-right models [54].
1.3 Extra neutral gauge bosons and contact interactions
Far below the resonance, Z ′ effects can be described by four fermion contact interactions. The
interaction of a Z ′ with the massless fermions f and F is then given by the amplitude
M(Z ′) = g
2
2
M2Z′
∑
f,F
(
L′fL
′
F u¯f,Lγβuf,L u¯F,Lγ
βuF,L +R
′
fR
′
F u¯f,Rγβuf,R u¯F,Rγ
βuF,R (1.48)
+R′fL
′
F u¯f,Rγβuf,R u¯F,Lγ
βuF,L + L
′
fR
′
F u¯f,Lγβuf,L u¯F,Rγ
βuF,R
)
.
This can be compared with four fermion contact interactions [55],
M(contact) = 4π∑
f,F
[
ηfFLL
(ΛfFLL)
2
u¯f,Lγβuf,L u¯F,Lγ
βuF,L +
ηfFRR
(ΛfFRR)
2
u¯f,Rγβuf,R u¯F,Rγ
βuF,R (1.49)
+
ηfFRL
(ΛfFRL)
2
u¯f,Rγβuf,R u¯F,Lγ
βuF,L +
ηfFLR
(ΛfFLR)
2
u¯f,Lγβuf,L u¯F,Rγ
βuF,R
]
.
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ΛfFij , i, j = L,R are the scales of the new physics and η
fF
ij = ±1.
Constraints on four fermion contact interactions can always be interpreted as constraints
on extra neutral gauge bosons,
g22L
′
mL
′
n
4πM2Z′
≡ L
N
mL
N
n
s
=
ηmnLL
(ΛmnLL )
2
, m, n = f, F. (1.50)
We use the definition
LNf ≡ L′f
g2√
4π
√
s
MZ′
. (1.51)
Relations similar to (1.50) can be written for the other helicity combinations. Note that
Z ′ interactions far below the Z ′ peak can only constrain the ratios LNf , R
N
f and not the Z
′
couplings and the Z ′ mass separately.
Interactions of extra neutral gauge bosons are not as general as 4 fermion contact interac-
tions. The Lagrangian (1.48) describes the interaction between fermions of flavours f and F by
the four couplings LNf , L
N
F , R
N
f and R
N
F . The same process is described in contact interactions
by the twelve parameters Λmnij , i, j = L,R, mn = ff, fF, FF .
If a future helicity conserving experiment shows small deviations from the SM predic-
tions, one can always parametrize the deviation in terms of contact interactions. If the new
interaction is due to a Z ′, the parameters of the contact interactions fulfill the relations
ηnnLL = η
nn
RR = 1, η
mn
LR = η
mn
RL , (Λ
mn
LR)
2 = (ΛmnRL)
2 =
√
(ΛmnLL )
2(ΛmnRR)
2, mn = ff, fF, FF,
(ΛfFii )
2 =
√
(Λffii )
2(ΛFFii )
2, i = L,R. (1.52)
The normalized Z ′ couplings can then be calculated according to equation (1.50). Under the
assumption of the gauge group (1.1), the Z ′ couplings must satisfy the additional relations
(1.27).
Of course, Z2 effects near the Z2 resonance cannot be described by contact interactions.
1.4 Four fermion interactions and form factors
In many experiments, a Z ′ can be detected through four fermion interactions. In addition to
the Z ′ exchange, we always have the SM contributions where the Z ′ is replaced by the photon
or the Z boson. The contributions due to the exchange of extra neutral gauge bosons can be
absorbed into the couplings of the SM Z boson [56]. The following discussion is general for
four fermion interactions. It can be directly applied to Bhabha and Møller scattering, pp, pp¯
or ep scattering.
Consider the four fermion interaction e+e− → f f¯ (f 6= e) as an example. The amplitude
for this process is
M =∑
n
g2n
s−m2n
v¯(e)γβ
[
ve(n)− γ5ae(n)
]
u(e) · u¯(f)γβ
[
vf (n)− γ5af(n)
]
v(f). (1.53)
In the SM, the summation runs over the photon and the Z boson (n = 0, 1). In a theory
including a Z ′, the extra amplitude with the Z ′ exchange, ME =M(n = 2), has to be added.
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It is important thatME has the same structure as the SM amplitude. Then one can formally
include the contribution of ME in the couplings of the SM Z boson leaving the couplings of
the photon unchanged.
Consider the amplitude with Z and Z ′ exchange only,
M = ∑
n=1,2
g2n
s−m2n
v¯(e)γβ
[
ve(n)− γ5ae(n)
]
u(e) · u¯(f)γβ
[
vf (n)− γ5af(n)
]
v(f)
≡ g
2
1
s−m21
v¯(e)γβu(e) · u¯(f)γβv(f) · ve(1)vf (1)(1 + ǫvv)
−v¯(e)γβu(e) · u¯(f)γβγ5v(f) · ve(1)af(1)(1 + ǫva)
−v¯(e)γβγ5u(e) · u¯(f)γβv(f) · ae(1)vf(1)(1 + ǫav)
+v¯(e)γβγ5u(e) · u¯(f)γβγ5v(f) · ae(1)af(1)(1 + ǫaa),
with ǫxy = χZ/Z′
xe(2)yf(2)
xe(1)yf(1)
, x, y = a, v, χZ′/Z =
g22(s−m21)
g21(s−m22)
. (1.54)
The coefficients ǫxy contain all information of the amplitude ME . Various additional ampli-
tudes ME arising, for example, from weak corrections or ZZ ′ mixing, can be written in the
form (1.54) if the quantities ǫxy are specified [57].
Following the tradition of electroweak corrections, we want to parametrize the contributions
ǫxy by (complex) form factors ρef , κe, κf , κef , which are introduced by replacements of the
couplings,
ve(1)vf(1) → ae(1)af(1)
[
1− 4|Qe|s2Wκe − 4|Qf |s2Wκf + 16|QeQf |s4Wκef
]
,
ve(1) → ae(1)
[
1− 4|Qe|s2Wκe
]
,
vf (1) → af (1)
[
1− 4|Qf |s2Wκf
]
,
ae(1), af(1) → unchanged,
g21 = → g21ρef . (1.55)
Comparing with equation (1.54), the form factors can be expressed through ǫxy,
ρef = 1 + ǫaa
κf =
1
ρef
[
1 +
ǫavvf (1)− ǫaaaf(1)
vf (1)− af (1)
]
(1.56)
κef =
1
ρef
[
1 +
ǫvvve(1)vf (1) + ǫaaae(1)af(1)− ǫavae(1)vf(1)− ǫvave(1)af(1)
[ve(1)− ae(1)][vf (1)− af (1)]
]
.
In particular, the additional Z ′ amplitude can be included in the Z couplings specifying ǫxy
as given in equation (1.54),
ρef = 1 + χZ′/Z
ae(2)af(2)
ae(1)af(1)
,
κf =
1
ρef
[
1 + χZ′/Z
ae(2)[vf (2)− af (2)]
ae(1)[vf (1)− af (1)]
]
,
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κef =
1
ρef
[
1 + χZ′/Z
ae(2)[vf (2)− af (2)][ve(2)− ae(2)]
ae(1)[vf (1)− af (1)][ve(1)− ae(1)]
]
. (1.57)
The result agrees with the formulae given in reference [58]. As mentioned there, this method
of the inclusion of the Z ′ contributions has the advantage that it can be easily implemented
in computer codes designed for SM calculations. The form factors (1.56) and (1.57) work
equally well for any four fermion process. They include the Z ′ contribution without any
approximation. Of course, they are s-dependent, in general not small and even resonating
near the Z ′ peak.
Consider the case where two additional amplitudes are added to MSM ,
M =MSM +M1 +M2. (1.58)
Suppose that both additional amplitudes are parametrized in the way described above, i.e.
assume that the form factors ρief , κ
i
e, κ
i
f , κ
i
ef , i = 1, 2 are known. Then, the combined form
factors can be calculated by taking into account ǫΣxy = ǫ
1
xy + ǫ
2
xy,
ρΣef = ρ
1
ef + ρ
2
ef − 1, κΣf =
κ1fρ
1
ef + κ
2
fρ
2
ef − 1
ρ1ef + ρ
1
ef − 1
, κΣef =
κ1efρ
1
ef + κ
2
efρ
2
ef − 1
ρ1ef + ρ
1
ef − 1
. (1.59)
The summation rules (1.59) are exact. In many applications, the form factors are not very
different from one. In this case, the approximate summation rules
ρΣef = ρ
1
efρ
2
ef , κ
Σ
f = κ
1
fκ
2
f , κ
Σ
ef = κ
1
efκ
2
ef (1.60)
are often used. In their derivation, contributions proportional to ǫxyǫx′y′ are neglected.
The case (1.58) arises, for example, in the simultaneous description of ZZ ′ mixing and
electroweak corrections. The functions ǫmxy describing the ZZ
′ mixing are
ǫmxy = χZ1/Z
(
cM +
gZ′
gZ
sM
x′e
xe
)(
cM +
gZ′
gZ
sM
y′f
yf
)
− 1, x, y = a, v,
χZ1/Z =
s−m2Z
s−m21
. (1.61)
Again, the resulting form factors can be calculated [57] using equation (1.56),
ρmef = χZ1/Z
(
cM +
gZ′
gZ
sM
a′e
ae
)(
cM +
gZ′
gZ
sM
a′f
af
)
,
κmf =
1 + sMgZ′
cMgZ
v′
f
−a′
f
vf−af
1 + sMgZ′
cMgZ
a′
f
af
,
κmef = κ
m
e κ
m
f . (1.62)
The form factors ρmef , κ
m
f and κ
m
ef are related to the functions xf and yf introduced in
equation (1.28),
ρmef = (1− ye)(1− yf), κmf = 1− xf . (1.63)
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1.5 Model dependence of Z ′ constraints
Future experiments will either be consistent with the SM or show deviations from the SM
predictions. In the first case, the data can be used to constrain extensions of the SM, for
example, contact interactions or theories predicting extra neutral gauge bosons. In the case
of a deviation, one can try to interpret it in terms of Z ′ parameters. This procedure could
either fail or favor some Z ′ models compared to others. The analysis can be done with or
without assumptions on the Z ′ model. We call these procedures model dependent and model
independent analyses.
Of course, there are several steps from the model independent Z ′ analysis to the model
dependent Z ′ analysis. As far as the model assumptions are consistent with the experimental
data, a model dependent analysis is justified and welcome to learn more details about the
underlying theory.
For example, helicity conserving processes can be parametrized by four fermion contact
interactions. Only little can be learned about the origin of the new interaction in this case.
If there are deviations from the SM and the conditions (1.52) and (1.27) are fulfilled, the
new interaction is consistent with a Z ′ coming from the gauge group (1.1). This theoretical
assumption increases our knowledge about the origin of the new interaction. If the couplings
fulfill the relations (1.39), the new interaction is consistent with a Z ′ coming from the E6
group. The subsequent assumption that the new interaction is due to a Z ′ from an E6
breaking, increases the model dependence but allows to probe further details of the assumed
model. The experimental verification that −3L′q = L′l is also fulfilled supports the hypothesis
that the interaction is due to a Z ′ from a SO(10) breaking. Finally, the new interaction
could be tested for compatibility with a definite Z ′, e.g. Z ′ = χ. This hypothesis contains
most model assumptions but allows more detailed tests of the theory and the best fits to the
remaining free parameters.
Examples of model dependent Z ′ constraints are the lower bounds on MZ′ or the regions
of θM allowed for certain E6 models quoted in the Particle Data Book.
For a model independent analysis, one has to pay a price. Usually, one cannot constrain
single Z ′ parameters but only certain combinations of them. Often, only a limited set of
observables is useful for the model independent analysis. Examples of model independent Z ′
constraints are the allowed regions of vMf = v
′
fθM and a
M
f = a
′
fθM from LEP1 data [59, 60, 61],
the constraints on vNl ≈ v′l/MZ′ and aNl ≈ a′l/MZ′ from LEP2 data [62] or the constraints on
σlT = σ(pp¯→ Z ′) · Brl2 from Tevatron data [63].
Model independent Z ′ constraints can always be converted into model dependent Z ′ con-
straints specifying the Z ′ model. The constraints on model parameters obtained in such a
two–step procedure are in general weaker than the constraints that would be obtained by a
direct model dependent fit to the same data.
Model dependent and model independent Z ′ analyses are complementary. Both analyses
have advantages and disadvantages, which are summarized in table 1.2. Throughout this
paper, we explicitly mention whether a constraint is obtained in a model dependent or in a
model independent analysis.
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Model dependent Z ′ analysis Model independent Z ′ analysis
– The constraints are a mixture + The constraints result from data only.
of experimental results They are not biased
and theoretical assumptions. by theoretical assumptions.
– A separate data analysis is needed + Z ′ limits for a new Z ′ model can be
for every new Z ′ model. deduced without a new data analysis.
+ Single Z ′ parameters – Only combinations of Z ′ parameters
can be constrained. can be constrained.
+ Z ′ limits from different experiments – Z ′ limits from different experiments
can always be compared. cannot always be compared.
Table 1.2 Advantages (+) and disadvantages (–) of a model dependent and model independent Z ′
analysis.
1.6 Extracting Z ′ limits from data
In any analysis, one selects observables Oi from the data and compares them with the predic-
tions Oi(SM+Z
′) in a theory including a Z ′. This allows to exclude or to confirm Z ′ models
at a given confidence level. The procedure is different in experiments with indirect and with
direct Z ′ limits.
1.6.1 Indirect Z ′ limits
In experiments with indirect Z ′ signals, for example in e+e− → µ+µ− below the Z ′ resonance,
the SM already predicts a large number of events of the given signature. A Z ′ gives a signal
in the observable Oi if it produces a deviation ∆
Z′Oi from the SM prediction Oi(SM), which
is larger than the experimental error ∆Oi. Here and in the following, ∆Oi stands for the
error of an asymmetry, the error of a ratio of cross sections or for the relative error of a cross
section. Because of the large number of events, these errors can be assumed to be Gaussian
distributed. Neglecting correlations, we define
χ2 =
∑
i
[
Oi −Oi(SM + Z ′)
∆Oi
]2
. (1.64)
For χ2 > χ2min + χ
2
cl, the considered model is excluded at a certain confidence level depending
on χcl.
In a real experiment, all possible observables would be measured and contribute to the
final result. In a theoretical analysis, the additional information due to measurements of two
observables O1 and O2 related by theory (i.e. O1(SM + Z
′) = O2(SM + Z ′)) could be taken
into account by the inclusion of one of these observables but with a smaller effective error
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∆OΣ. This error can be estimated as
χ2 =
∑
i=1,2
[
Oi − Oi(SM + Z ′)
∆Oi
]2
=
[
O1 − O1(SM + Z ′)
∆OΣ
]2
,
1
(∆OΣ)2
=
∑
i=1,2
1
(∆Oi)2
. (1.65)
The generalization to more observables is straight forward.
Experimental errors consist of statistical and systematic contributions. We assume in the
estimates of the following sections that the combined error is the quadratic sum,
∆O =
√
(∆statO)2 + (∆systO)2 = ∆statO
√
1 + r2. (1.66)
We define the ratio r = ∆systO/∆statO.
Optimal observables [64, 65] can be constructed to get the maximum sensitivity to Z ′
parameters. To measure (small) Z ′ parameters λ(Z ′) in indirect Z ′ analyses, one can look for
deviations in differential cross sections,
dσ(φ) = dσSM(φ) + d(∆
Z′σ(φ)) = dσSM(φ) + λ(Z
′)dσ˜(φ). (1.67)
Examples for λ(Z ′) are θM or
√
s/M2. The Z
′ parameter is measured by an integration over
the phase space dφ with a weight function f(φ) [64],
f (1) (λ(Z ′)) =
∫
f(φ)dσ(φ). (1.68)
The weight function can be chosen in such a way that the sensitivity to λ(Z ′) becomes max-
imum. For one parameter, one gets [64], f(φ) = ∆Z
′
σ(φ)/σSM(φ). The generalization to
several parameters is given in reference [65].
1.6.2 Direct Z ′ limits
Direct Z ′ production is possible in e+e− or µ+µ− collisions for s ≈M22 or in hadron collisions
for s > M22 .
In direct production in e+e− or µ+µ− collisions, many Z ′ events are expected at future
colliders. It can be assumed that the events are Gaussian distributed allowing a χ2 analysis
(1.64). In contrast to indirect Z ′ limits, the number of Z ′ events at the Z2 peak is much larger
than the SM background allowing precision measurements.
In direct Z ′ production at hadron colliders, the number of SM background events is ex-
pected to be very small or zero. A few Z ′ events serve as a signal. Then, one cannot assume
that these events are Gaussian distributed. Constraints on Z ′ models at a given confidence
level are obtained for all models, which predict the same number of Z ′ events. For example,
in the case where the signal is Poisson distributed, the SM background is zero and zero events
are observed, all theories predicting NZ′ = 3 events are excluded at 95% confidence [66]. For
a non-zero background, NZ′ depends on it [66].
22
Chapter 2
Z ′ search at e+e−, e−e− and µ+µ−
colliders
Lepton colliders have the advantage that different observables can be detected above a small
background. As has been shown by the LEP and SLC experiments, different fermions as
e, µ, τ, c, b can be tagged in the final state. The polarization of τ ′s and likely of top quarks
can be measured. Highly polarized electron beams are available. One can also hope for a
reasonable positron polarization. At muon colliders, one expects some polarization of both
beams [67].
e+e− and µ+µ− collisions yield several interesting reactions which can probe different
properties of extra Z bosons.
Fermion pair production allows for a measurement of a large number of different observ-
ables. It is assumed that the final fermions are not electrons or electron neutrinos. All
couplings of the Z ′ to charged SM fermions can be constrained separately. This is a unique
property of this reaction.
Bhabha and Møller scattering have much larger event rates than fermion pair production.
In addition, Møller scattering could profit from two highly polarized electron beams. Of course,
these reactions are sensitive to gauge boson couplings to electrons only. The sensitivity to these
couplings competes with fermion pair production.
W pair production is very sensitive to ZZ ′ mixing. This sensitivity is enhanced for large
energies because a non–zero ZZ ′ mixing destroys the gauge cancellation between the different
amplitudes present in the SM. The sensitivity to other Z ′ parameters cannot compete with
fermion pair production.
All other reactions in e+e− or e−e− collisions can not add useful information on extra
neutral gauge bosons.
Although we will explicitly mention mostly e+e− and e−e− collisions, all results presented
in this chapter are also applicable to µ+µ− or µ−µ− collisions. One important difference
arises for measurements on and beyond the Z2 peak. As known from Z1 physics, a precise
measurement of the mass and the width of the resonance relies crucially on the accurate
monitoring of the beam energy. Here, a muon collider would have clear advantages compared
to an electron collider [67] because the latter suffers from a large beam energy spread.
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2.1 Z ′ search in e+e− → ff¯
The sensitivity of fermion pair production to different Z ′ parameters depends crucially on the
ratio of the center–of–mass energy
√
s to the masses M1 and M2 of the gauge bosons Z1 and
Z2. We distinguish four different cases,
case 1: s ≈M21 ,
case 2: M21 6= s < M22 ,
case 3: s ≈M22 ,
case 4: s > M22 , (2.1)
where s ≈M2n means (Mn − Γn)2 < s < (Mn + Γn)2.
Case 1 is very important in setting constraints on the ZZ ′ mixing angle. The Z2 propa-
gator, i.e. the sensitivity to M2 is usually suppressed by a factor Γ1/M1.
Case 2 would give the first signals of a Z ′ in e+e− collisions. The SM parameters are
already precisely known from measurements at the Z1 peak leading to accurate predictions
for observables at higher energies. Information about a Z ′ is obtained from the differences to
these predictions. If there is agreement with the SM predictions, lower bounds on the Z ′ mass
can be set for a fixed model. The sensitivity to the ZZ ′ mixing angle is suppressed by a factor
Γ1/M1 compared to measurements at the Z1 peak.
Case 3 is certainly the best possibility to get precise and detailed information about a Z ′.
The corresponding measurements have much in common with the LEP and SLC experiments
at the Z1 peak.
Case 4 is interesting because it can constrain a Z ′ with couplings to SM fermions much
weaker than predicted in the usual GUT’s. Such a Z ′ could escape detection in experiments
below its resonance.
This section is organized as follows. After giving the relevant observables in the Born
approximation, we discuss the different radiative corrections. A discussion of constraints on
Z ′ parameters in the four cases (2.1) follows in different subsections. Model dependent and
model independent constraints are distinguished.
Every subsection on Z ′ constraints is organized by the same pattern. For every constrained
Z ′ parameter, the physical origin of the constraint is explained first and a simple estimate is
given. The estimate is then confronted with Z ′ constraints obtained from present experiments
and with constraints obtained in theoretical analyses for future colliders.
2.1.1 Born Approximation
2.1.1.1 Amplitude
The amplitude for e+e− → (γ, Z, Z ′, . . .)→ f f¯ , f 6= e is
M =∑
n
g2n
s−m2n
v¯(e)γβ
[
ve(n)− γ5ae(n)
]
u(e) u¯(f)γβ
[
vf(n)− γ5af (n)
]
v(f). (2.2)
The summation runs over the exchanged gauge bosons. In contrast to equation (1.48), we
use here the parametrization in vector and axial vector couplings. This is useful because the
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photon has a pure vector coupling while the Z boson has almost a pure axial vector coupling
to the e+e− pair in the initial state.
Only products of an even number of couplings of the Z ′ to fermions appear in the amplitude
(2.2). Hence, the process e+e− → f f¯ cannot distinguish between Z ′ models, which differ only
by the signs of all Z ′ couplings to fermions.
Measurements at one energy point sufficiently far away from the Z1 and Z2 resonances can
only restrict the normalized couplings aNf and v
N
f [68],
aNf ≡ af (2)
√√√√ g22
4π
s
m22 − s
and vNf ≡ vf (2)
√√√√ g22
4π
s
m22 − s
(2.3)
and not the Z2 couplings af (2), vf(2) and the Z2 mass m2 separately. Therefore, a heavy Z2
with large couplings cannot be distinguished from a light Z2 with small couplings as far as
M22 ≫ s. Below the resonance, fermion pair production by a Z ′ can be described by effective
four fermion contact interactions, see section 1.3. Note that the definition (2.3) differs slightly
from the definition (1.51). We will use definition (2.3) in this section because it is natural
in fermion pair production. For comparisons with other reactions the definition (1.51) must
be used. Note that the difference between the two definitions is O(s/M22 ). This is a small
quantity for Z ′ masses at the detection limit MZ′ ≈ 3
√
s to 7
√
s.
Several widths Γ2 below the M2 resonance, the width Γ2 does not influence the Z
′ limits
and can be neglected. Therefore, the indirect Z ′ limits from fermion pair production remain
valid for extra Z bosons which have for some reason a width much larger than predicted in
usual GUT’s. This is an important difference with Z ′ limits from hadron colliders, which
depend on Γ2 through branching ratios as Br
µ
2 .
The amplitude can be decomposed as M =MSM + g2θMMM on the Z1 resonance in the
limit of small ZZ ′ mixing. According to equation (1.28), MM is proportional to either a′f or
v′f . Therefore, measurements at the Z1 peak constrain the combinations
aMf = θMg2a
′
f and v
M
f = θMg2v
′
f , (2.4)
and not a′f , v
′
f and θM separately [18]. Similar to the off–resonance case, a Z
′ with large
couplings and small ZZ ′ mixing cannot be distinguished from a Z ′ with small couplings and
large ZZ ′ mixing as far as θM ≪ 1.
2.1.1.2 Cross section
The total and the forward–backward cross sections are defined as
σT =
∫ 1
−1
dc
dσ
dc
, σFB =
∫ 1
0
dc
dσ
dc
−
∫ 0
−1
dc
dσ
dc
, c = cos θ. (2.5)
θ is the angle between the outcoming anti-fermion f¯ and the incoming positron. At the Born
level, the cross sections σfA, A = T, FB are
σfA = dA
N∑
m,n=0
σ0A(s;m,n) = dANf
πα2
s
N∑
m,n=0
CA(m,n) χm(s) χ
∗
n(s) (2.6)
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with dT =
4
3
and dFB = 1. Nf is due to color, Nf = 1(3) for f = l(q).
The summation runs over all interferences. χn(s) is the propagator of the vector boson Zn
with the invariant energy squared s,
χn(s) =
g2n
4πα
s
s−m2n
. (2.7)
CT (m,n) and CFB(m,n) contain the vector and axial vector couplings of the gauge boson Zn
to the fermion f , vf(n) and af(n), and the helicities of the initial (λ+, λ−) and final (h+, h−)
fermions,
CT (m,n;λ1, λ2, h1, h2) = CT (initial fermions)× CT (final fermions),
CT (initial fermions) = λ1[ve(m)v
∗
e(n) + ae(m)a
∗
e(n)] + λ2[ve(m)a
∗
e(n) + ae(m)v
∗
e(n)],
CT (final fermions) = h1[vf(m)v
∗
f (n) + af (m)a
∗
f (n)] + h2[vf(m)a
∗
f (n) + af (m)v
∗
f(n)],
CFB(m,n;λ1, λ2, h1, h2) = CT (m,n;λ2, λ1, h2, h1) (2.8)
with
λ1 = 1− λ+λ−, λ2 = λ+ − λ−,
h1 =
1
4
(1− h+h−), h2 = 14(h+ − h−).
(2.9)
The unpolarized case corresponds to λ+ = λ− = h+ = h− = 0, i.e. λ1 = h1 = 1 and
λ2 = h2 = 0. The couplings of the vector bosons to fermions are given in section 1.1.3.
The left–right cross sections are defined as
σLR = σT (λ− = −1, λ+ = 0)− σT (λ− = +1, λ+ = 0),
σLR,FB = σFB(λ− = −1, λ+ = 0)− σFB(λ− = +1, λ+ = 0), (2.10)
where a summation over the polarizations of the final states is assumed. The cross section
σpol = σT (h− = −1, h+ = 0)− σT (h− = +1, h+ = 0) (2.11)
is useful if the polarization of the final state can be measured.
The differential cross section can be calculated from σT and σFB as
dσ
dc
=
3
8
(1 + c2) · σT + 1
2
c · σFB. (2.12)
We would like to mention here that cross sections depending on transverse polarizations
can be considered if the polarization of the final state is measurable or if transverse beam
polarization is available, see [69] for a general discussion and [70] for applications to LEP 1.
Simple transverse asymmetries are suppressed asmf/
√
s, wheremf is the mass of the polarized
particle, while double transverse asymmetries don’t have such a suppression. We do not
consider these potentially interesting observables here because they suffer from experimental
difficulties.
For b– and top quark production, the finite fermion mass mf must be taken into account
in the cross section (2.8),
CT (final fermions) = [vf (m)v
∗
f(n) + af(m)a
∗
f (n)]
[
1 +
1
2
h1 +
β2
2
(−2 + h1)
]
β (2.13)
−af (m)a∗f (n)
1
2
(2 + h1)(1− β2)β + [vf (m)a∗f (n) + af(m)v∗f (n)]h2β2,
CFB(final fermions) = [vf (m)a
∗
f(n) + af(m)v
∗
f (n)]h1β
2 + vf(m)v
∗
f (n)h2β − af (m)a∗f (n)h2β3.
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We have µ2 = 4m2f/s and β =
√
1− µ2.
2.1.1.3 ZZ ′ mixing
The effect of ZZ ′ mixing is already included in the couplings vf(n), af (n), n = 1, 2 by definition
(1.28). One can rewrite equation (2.8) in terms of the unmixed couplings and form factors
xf , yf , which take into account the mixing,
vf (1) → af (1)
[
1− 4|Qf |s2W (1− xf)
]
,
af (1) → af ,
πα
2s2W c
2
W
→ πα
2s2W c
2
W
(1− ye)(1− yf). (2.14)
This formalism is very useful at the Z1 peak where ZZ
′ mixing and electroweak corrections
must be described simultaneously [30]. The replacements (2.14) must also be applied to the
couplings in the total width Γ1 appearing in the propagator.
2.1.1.4 Observables
Helicity conservation allows non-zero cross sections for only the four different spin configu-
rations λ+ = −λ− = ±1 and h+ = −h− = ±1. Furthermore, we see from equation (2.8)
that the forward–backward cross section σFB is uniquely related to the total cross section σT .
Therefore, only four of the cross sections and asymmetries, which one can construct from σfT
and σfFB, are independent. An example of independent observables are the total cross section
and simple asymmetries,
σfT total cross section,
AfFB =
σfFB
σfT
forward–backward asymmetry,
AfLR =
σfLR
σfT
left–right asymmetry,
Afpol =
σfpol
σfT
polarization asymmetry of the final state. (2.15)
They can be constructed for every final fermion flavour f .
Not all observables listed above are measurable. All four observables require the detection
of the flavour f . Forward–backward asymmetries require discrimination between particles and
antiparticles. Left–right asymmetries require beam polarization. Afpol requires a measurement
of the polarization of one final particle.
One can measure combined asymmetries for some final states.
AfLR,FB combined left–right forward–backward asymmetry,
Afpol,FB combined polarization forward–backward asymmetry,
AfLR,pol combined left–right polarization asymmetry. (2.16)
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As mentioned above, the combined asymmetries must be related to simple asymmetries,
AfLR,pol =
4
3
AfFB, A
f
pol,FB =
3
4
AfLR, A
f
LR,FB =
3
4
Afpol. (2.17)
Assuming lepton universality, we find a further relation between observables with leptons in
the final state,
AlLR = A
l
pol. (2.18)
Of course, the relations (2.17) and (2.18) do not hold for mf 6= 0. They are modified by ra-
diative corrections. However, as we will see in the next section, they are a good approximation
for light final state fermions and radiative corrections with appropriate kinematic cuts.
In a theoretical analysis, the additional information due to measurements of several related
observables as AlLR and A
τ
pol could be taken into account by the inclusion of only one of these
observables but with a smaller effective error, see equation (1.65).
Optimal observables [64, 65] can be constructed to enhance the sensitivity to Z ′ parameters.
Two parameters, the axial vector and the vector coupling of the Z ′ to charged leptons, a′l, v
′
l,
are measured by three independent observables. Contradictory signals in all three observables
could disprove a Z ′ as the origin of these signals. A consistent measurement of non-zero a′l or v
′
l
allows the measurement of couplings to the other fermions f by the four additional independent
observables (2.15). Therefore, two additional relations between the four observables must be
fulfilled if the interaction is due to a Z ′. At the Z ′ peak, they are AfFB =
3
4
AfpolA
e
LR and
AfLR = A
e
LR for mf = 0 in the Born approximation. Again, the hypothesis of a new vector
boson could be disproved. If the deviation turns out to be inconsistent with Z ′ interactions,
one can try to describe the new physics in the more general framework of four fermion contact
interactions (1.49).
To eliminate the systematic errors from the luminosity measurement and flavour detec-
tion and to reduce the sensitivity to radiative corrections, ratios of total cross sections are
considered as well as observables depending on the sum of all light 5 quark flavours,
Rhad =
σu+d+s+c+bT
σµT
, AhadLR = A
u+d+s+c+b
LR , Rb =
σbT
σu+d+s+c+bT
, Rc =
σcT
σu+d+s+c+bT
. (2.19)
Similar observables are defined by the sum over all lepton flavours (considering only the s–
channel contribution for final electrons). We denote them with the flavour index l.
At the peak of a gauge boson Zn, the partial decay widths Γ
f
n = Γ(Zn → f f¯) are important
additional observables.
As mentioned before, we do not consider asymmetries involving transverse polarizations.
There is one potentially interesting observable, the P and T odd transverse-normal spin cor-
relation, which is proportional to the imaginary part of the product of the propagators of the
exchanged gauge bosons. This observable gives bounds on M2 from measurements at the Z1
peak, which are not suppressed by the factor Γ1/M1. Unfortunately, this potential sensitiv-
ity is completely killed by the loss of statistics in the measurements of the two transverse
correlations of the final τ ′s [71]. Contributions proportional to the imaginary part of the Z1
propagator are suppressed as Γ1/M1 off the Z1 peak.
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2.1.2 Radiative corrections
All observables entering the Z ′ search must be predicted with theoretical errors smaller than
the expected experimental error. This demands the inclusion of radiative corrections. Fortu-
nately, not all radiative corrections are of equal importance. This allows simplifying approxi-
mations. The O(α) corrections to the SM process are presented in references [72, 73, 74, 75, 76],
for a review see [77].
2.1.2.1 QED corrections
Among the complete O(α) corrections to e+e− −→ (γ, Z, Z ′, . . .) −→ f f¯ , the numerically
largest QED corrections are a gauge invariant subset. Furthermore, initial state corrections,
final state corrections, and the interference between them are separately gauge invariant.
The QED corrections can be calculated in a model independent way. They depend on the
kinematics as the scattering angles and the energies of all final particles. We focus here on
QED corrections to light fermion production.
The final state corrections and the interference between initial and final state corrections
to the new Z ′ interferences can be obtained from the SM result. The initial state corrections
to the Z ′ interferences are calculated in [78] and [79] for massless and in [80] for massive final
fermions.
We discuss here the initial state radiation because it is of major importance for Z ′ tagging.
Initial state corrections can be calculated in the structure function approach [81],
σISR(s) =
∫ 1
x−1
dx1
∫ 1
x−2
dx2D(x1, s)D(x2, s)σ
0(x1x2s). (2.20)
The structure function approach assumes that the colliding electron and positron have energies
degraded by radiated photons, which is described by the structure function D(x, s). The
structure function is independent of the particular observable. To calculate the corrections to
distributions, one has to boost the final particle pair to the laboratory system for every choice
of x1 and x2. This is easy in Monte Carlo algorithms but impossible in analytical calculations.
Alternatively, initial state corrections can be calculated in the flux function approach,
σISRA (s) =
[
1 + S(ǫ)
]
σ0A(s) +
∫ ∆
ǫ
dv σ0A
(
s(1− v)
)
HeA(v). (2.21)
The flux functions HeA(v) depend on the particular observable. They describe the probability
of the emission of a photon with a certain energy fraction. v is the energy of the emitted
photon in units of the beam energy. For σT , σFB and dσ/dc they can be found in references
[73], [82] and [76]. To order O(α), we have
HeT (v) = H¯
e
T (v) +
βe
v
= βe
1 + (1− v)2
2v
,
HeFB(v) = H¯
e
FB(v) +
βe
v
=
α
π
(Qe)2
1 + (1− v)2
v
1− v
(1− v
2
)2
[
Le − 1− ln 1− v
(1− v
2
)2
]
,
βe =
2α
π
(Qe)2 (Le − 1), Le = ln s
m2e
, Qe = −1. (2.22)
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The quantity [1 + S(ǫ)] in equation (2.21) describes the Born term plus corrections due to
soft and virtual photons. To order O(α), we have
S(ǫ) = S¯ + βe ln ǫ = βe
(
ln ǫ+
3
4
)
+
α
π
(Qe)2
(
π2
3
− 1
2
)
. (2.23)
The structure function and the flux function approach give an equivalent description of
QED corrections. See references [38, 83] for an extensive discussion and further references.
Starting from the convolution (2.21), the origin of the radiative tail and its magnitude can
be estimated. We do this ignoring details of the radiator functions S(ǫ) and HeA(v). The s
′
dependence of the Born cross section is
σA ≈ 1
s′
χm(s
′) χ∗n(s
′) =
s
m∗2n −m2m
1
s
[
s′
s′ −m∗2n
− s
′
s′ −m2m
]
. (2.24)
For m = n, the first factor of the last expression becomes
s
m∗2n −m2n
= − i
2
Mn
Γn
s
M2n
. (2.25)
This imaginary quantity must be met by another imaginary multiplier to give contributions to
the cross section. Because we average over transverse polarizations, it can arise only from the
v integration (2.21) over the remaining factors of equation (2.24). Keeping only the relevant
term after partial fraction decomposition, one gets
σISRT (s)− σ0T (s) ≈
i
2
Mn
Γn
s
M2n
M2n
s
∫ ∆
0
dv
1
1− v −m∗2n /s
≈ i
2
Mn
Γn
ln
m∗2n /s− 1 + ∆
m∗2n /s− 1
. (2.26)
The real part of the argument of the logarithm is negative for s > M2n and ∆ > 1 −M2n/s.
These are the necessary conditions for the development of the radiative tail; the center–of–
mass energy must be larger then the mass of the resonance, and the radiation of photons must
be allowed, which are sufficiently hard to ensure a “radiative return” to the resonance.
We now estimate the magnitude of the radiative tail by restoring the missing factors,
rad. tail ≈ σISRT (s)− σ0T (s) ≈ σ0T (s;n, n) · βe
π
2
Mn
Γn
. (2.27)
Only the contribution of the exchange of the vector boson n appears in equation (2.27).
Therefore, the other interferences are not enhanced by the radiative tail. Putting s2W =
1
4
and Mn/Γn = M1/Γ1, one gets σ
l
T (s; 0, 1) = 0 and σ
l
T (s; 1, 1)/σ
l
T (s; 0, 0) = 1/9 in the limit
s≫M2Z . This gives
rad. tail ≈ 7 · σlT (s; 1, 1) ≈ 7/10 · σlT , (2.28)
which is in reasonable agreement with the exact calculation and with figure 2.1. For b quark
production, where the Z boson exchange σbT (s; 1, 1) dominates over the photon exchange
σbT (s; 0, 0), the effect of the radiative tail is much more pronounced.
The radiative tail enhances SM cross sections, while for MZ′ >
√
s the Z ′ signal is not
enhanced. Therefore, the radiative tail must be removed for a Z ′ search below the Z ′ resonance.
This can be done by removing events with hard photons by demanding ∆ < 1−M21 /s.
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Figure 2.1 The total cross section σµT as
function of the cut on the photon energy ∆
in units of the beam energy for MZ′ = Mη =
800GeV . The upper (lower) set of curves cor-
responds to
√
s = 200(1000)GeV . This is fig-
ure 1 from reference [57].
Figure 2.2 dσµT /d∆ as function of the pho-
ton energy ∆ in units of the beam energy.
For the solid line, we choose MZ′ = Mη =
800GeV and
√
s = 1000GeV . The dashed
line is the SM. The dotted line is the function
σµ0T βe/[∆(1 −∆)], compare estimate (2.85).
The dependence of the cross section on ∆ is shown in figure 2.1 for two different energies.
The upper curve corresponds to an energy above the Z peak but below the Z ′ peak, the lower
curves to an energy above the Z and Z ′ peaks. One recognizes the step–like behaviour for
photon energies where the radiative tail(s) are “switched on”. We see that the radiatively
corrected cross section is numerically similar to the Born prediction only for a certain cut,
which rejects all hard photons from the radiative returns to resonances. This is the reason
why Z ′ analyses at the Born level give limits, which are numerically similar to those obtained
with radiative corrections and appropriate kinematic cuts. Of course, radiative corrections
must be included in fits to real data.
The radiative tail is due to the emission of photons with energies Eγ in the (narrow) interval
∆− = 1− M
2
n
s
− MnΓn
s
<
Eγ
Ebeam
< 1− M
2
n
s
+
MnΓn
s
= ∆+. (2.29)
Therefore, experiments with energies above resonances have sharp peaks in the photon energy
spectrum. This is illustrated in figure 2.2. There, the Z1 and Z2 resonances are represented
by peaks at Eγ/Ebeam = ∆n = 1−M2n/s with ∆1 = 0.992 and ∆2 = 0.36. All final states f f¯
contribute to the peaks. Their heights and widths depend on the width of the related gauge
boson as indicated in equations (2.26) and (2.29).
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2.1.2.2 Weak corrections
The precision of present and future e+e− colliders is high enough to be sensitive to weak
corrections. They can be implemented by form factors [58, 84, 85] applying the following
formal replacements of the coupling constants in the Born cross section,
vf(0) → vf(0)FA(q2),
ve(1)vf(1) → ae(1)af(1)
[
1− 4|Qe|s2Wκe − 4|Qf |s2Wκf + 16|QeQf |s4Wκef
]
,
ve(1) → ae(1)
[
1− 4|Qe|s2Wκe
]
,
vf(1) → af(1)
[
1− 4|Qf |s2Wκf
]
,
ae(1), af(1) → unchanged,
g21 =
4πα
2s2W c
2
W
→
√
2GµM
2
Zρef . (2.30)
The complex functions ρef , κe, κf and κef contain all information about the SM weak cor-
rections, while the complex function FA(q
2) takes into account the effects of the vacuum
polarization of the photon. Although the largest contribution to FA(q
2) comes from QED, we
feel that it should be mentioned in this section. If the new functions are set to one, we recover
the Born formulae. κef is different from κeκf due to box contributions, which enforce the
additional replacement rule for the combination ve(1)vf(1). The conjugated couplings in the
Born cross section have to be replaced with the corresponding complex conjugated relations
(2.30). The functions κe, κf and κef can be absorbed in effective Weinberg angles.
ZZ ′ mixing effects and weak corrections have to be treated simultaneously for predictions
at the Z1 peak. According to equations (2.14) and (1.60), it can be done [30] by the following
replacements in equation (2.30),
κf → κMf = κf (1− xf ),
κef → κMef = κef (1− xe)(1− xf ),
ρef → ρMef = ρefρmix(1− ye)(1− yf),
M2Z → M21 . (2.31)
In (2.31), we have neglected terms, which are proportional to the SM weak corrections times
the mixing angle θM . The multiplier ρmix = M
2
Z/M
2
1 takes into account that the replacement
(2.30) of g21 is valid only for the mass of the symmetry eigenstateMZ . Alternatively, one could
calculate the form factors (2.31) by the sum rule (1.59) where κ1f , κ
1
ef and ρ
1
ef are the weak
form factors κf , κef and ρef and κ
2
f , κ
2
ef and ρ
2
ef are the mixing form factors κ
m
f , κ
m
ef and ρ
m
ef
given in equation (1.62). The replacements (2.31) must also be made to the Z1 width entering
the propagator of the mass eigenstate.
Non-standard one loop corrections cannot be calculated without knowledge about the
underlying theory. If the Z ′ is the first signal of physics beyond the SM, these corrections will
probably not play an important role. They are expected to be a small correction to a small
deviation from the SM prediction.
See references [25, 86] for the renormalization of SU(2)L × U(1)Y × U ′(1) gauge theories.
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2.1.2.3 QCD corrections
QCD corrections have to be taken into account in the case of hadronic final states. They
don’t feel the gauge boson exchanged before. Therefore, the known SM results for massless
[34] and massive [35, 87, 88] final state fermions can be used. The O(αs) QCD corrections can
be obtained from the O(α) final state QED corrections by the replacement α → 4
3
αs. They
depend on the mass of the final state fermion and on the maximal allowed energy Eg = ∆g
√
s/2
of the radiated gluon. For mf = 0 and ∆g = 1, the lowest order QCD corrections vanish for
forward–backward asymmetries and reduce to the well known factor 1 + αs/π for total cross
sections.
As known from SM calculations, radiative corrections due to spin asymmetries of the final
state need special care. Due to spin-flip contributions induced by gluon radiation, the result
of a calculation with zero fermion masses mf = 0 does not coincide with the result calculated
for mf 6= 0 in the limit mf → 0 [89]. The problem also arises in final state QED corrections,
however, it is numerically less important because α is numerically smaller than αs.
2.1.2.4 Corrections to Γ1
As is known from the experiments at LEP and SLC, the measurements on the Z1 resonance
are sensitive to radiative corrections to the Z1 width. In contrast to the corrections to Γ2
described in section 1.1.4.2, we give here the formulae including the weak corrections to Γ1,
Γf1 =
NfGµ
√
2M31
12π
ρZf µRQEDRQCD(M
2
1 )
{[
vf (1)
2 + af (1)
2
] (
1 + 2
m2f
M21
)
− 6af(1)2
m2f
M21
}
.
(2.32)
The functions RQED and RQCD describing the QED and QCD corrections [34] are given in
equation (1.34).
The function ρZf absorbs ∆r arising during the replacement of the weak coupling constant
by the muon decay constant,
g21 =
4πα
s2W c
2
W
=
Gµ
√
2M2Z
1−∆r =
Gµ
√
2M2W
(1−∆r)c2W
. (2.33)
As in e+e− → f f¯ , the remaining weak corrections can be taken into account [37] by a replace-
ment of the vector couplings,
vf(1)→ af(1)
[
1− 4|Qf |s2Wκf
]
. (2.34)
The functions κf are often absorbed in s
2
W defining effective Weinberg angles. In comparison to
the weak corrections to e+e− → f f¯ , we have no box contributions in the Z1 decay. Therefore,
a special replacement rule (2.30) for the product ve(1)vf (1) is absent.
In the case of a non-zero ZZ ′ mixing, we have to apply additional replacements similar to
the rule (2.31),
ρfZ → ρfZρmix(1− yf)2,
κf → κf = κf (1− xf ). (2.35)
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2.1.3 Z ′ constraints at s ≈ M21
The Z ′ signal in measurements at the Z1 peak is a deviation of the couplings of the mass
eigenstate Z1 to fermions from the SM prediction. This prediction depends on the SM param-
eters, which are also defined by measurements at the Z1 peak. If one wants to constrain Z
′
parameters from the same data, the cleanest analysis would be a simultaneous fit of SM and
Z ′ parameters. We call this procedure direct Z ′ analysis.
Alternatively, the data distributed around the Z1 peak can be fitted first in a model
independent procedure. The results of such a fit are M1, partial and total decay widths Γ
f
1
and cross sections and asymmetries at the peak. This output is the input of a second fit,
which determines the SM and Z ′ parameters. We call this procedure indirect Z ′ analysis. The
first direct analysis was done in [30]. The indirect analyses are shown to agree with this direct
analysis.
As mentioned in the introduction, we will not consider the mixing of the new fermions
with SM fermions. See reference [90] for such an analysis based on LEP1 data.
In the following subsections, we discuss different Z ′ constraints. We always start with a
derivation of a simple estimate. This estimate shows the scaling of the constraint with different
parameters of the experiment as integrated luminosity, center–of–mass energy and systematic
errors. We then discuss present constraints and possible constraints from future experiments
and prove the quality of our estimates.
2.1.3.1 Model independent constraints on vMf and a
M
f
Estimate The quantities vMf and a
M
f defined in equation (2.4) can be constrained at the Z1
peak independently of the Z ′ model.
Consider the partial decay width and different asymmetries at the Z1 peak,
Γf1 = M1
g2
12π
[
v2f (1) + a
2
f (1)
]
Nf ≈ Γf01
{
1 + 2
vfv
M
f + afa
M
f
g1(v2f + a
2
f)
}
= Γf01 +∆
Z′Γf1 ,
AfFB =
3
4
AeAf ≈ Af0FB +
3
4
A0f∆Ae +
3
4
A0e∆Af = A
f0
FB +∆
Z′AfFB,
AfLR = Ae ≈ A0e +∆Ae = A0LR +∆Z
′
ALR,
Afpol =
4
3
ALR,FB = Af ≈ A0f +∆Af = Af0pol +∆Z
′
Afpol (2.36)
with Af ≡ 2af(1)vf(1)
af(1)2 + vf (1)2
, and ∆Af ≈ 2
vfa
M
f + afv
M
f
g1(v
2
f + a
2
f )
− 4a
2
fvfa
M
f + v
2
fafv
M
f
g1(v
2
f + a
2
f)
2
. (2.37)
The index zero denotes the observables without mixing.
If the deviation ∆Z
′
Oi in the observable Oi is larger than the experimental error ∆Oi,
∆Z
′
Γf1 > ∆Γ
f
1 , ∆
Z′AfFB > ∆A
f
FB, ∆
Z′AfLR > ∆A
f
LR, ∆
Z′Afpol > ∆A
f
pol, (2.38)
one can see a signal. The relations (2.38) and (1.60) predict that the different observables are
blind to Z ′ models predicting vMf and a
M
f between two parallel lines. Neglecting systematic
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errors, the Z ′ constraints (2.38) scale like 1/
√
L. For f = e, ν and s2W =
1
4
, equations (2.36)
and (2.38) transform to
|aMe | >
g1
4
∆Γe1
Γe01
, |aMν + vMν | >
g1
2
∆Γν1
Γν01
, |vMe | >
g1
6
∆AeFB
A0e
, |vMe | >
g1
4
∆AeLR. (2.39)
The constraint from AeFB linear in θM exists only for s
2
W 6= 14 leading to A0e 6= 0. The equations
(2.39) allow an independent constraint or measurement of aMν +v
M
ν = L
M
ν and L
M
e and therefore
an experimental check [59, 60] of the relations (1.27).
Present constraints Model independent Z ′ constraints based on the combined data of LEP
and SLC [91] are discussed in references [23, 59, 60, 61]. Before confronting Γf1 , A
f
FB and A
f
LR
with the data, radiative corrections have to be included. This implies a substitution of g21 with
Gµ in the expression (2.30) for Γ
f
1 . The substitution induces a dependence on ρmix = M
2
Z/M
2
1 .
This spoils the model independent limits on vMf , a
M
f making them dependent on the additional
Z ′ parameter M2.
The problem is solved in references [59, 60] by considering special combinations of observ-
ables where the leading dependence on ρef and ρmix drops out. As a result, these special
combinations are also much less sensitive to the top and the Higgs mass.
With the recent experimental data [91] on MW , Gµ, s
2
W , α(M
2
Z) and Mt, one can follow
another procedure and calculate ρmix according to equation (2.33). One gets ρmix = 1±0.003,
compare [92]. The main sources of the uncertainty of ρmix are the experimental error of the
MW measurement and the theoretical error of ∆r arising due to the unknown Higgs mass
and to a less extent due to the experimental error of the top mass. In the two–σ errors, the
experimental error in the MW measurement dominates because the theoretical error in ∆r is
not doubled. We assumed that the symmetry is broken by one Higgs doublet only. In general,
one would obtain different results for extended Higgs sectors. In this sense, the error of ρmix
still contains a model dependence, which is expected to be small. The expression of Γf1 is now
independent of M2. The price one has to pay is that the uncertainty of ρmix must be added
to the experimental error of Γf1 .
Figure 2.3 illustrates the constraints on aMl and v
M
l obtained from the data [91], Γ
l
1 =
(83.91 ± 0.11)MeV, AlFB = 0.0174 ± 0.0010, Aτ = 0.1401 ± 0.0067. In the SM, we have
Aτ = A
τ
pol = ALR. The plotted regions correspond to a χ
2 = χ2min + 5.99. In contrast to
the demonstration in reference [61], we take into account the deviations of the measurements
from the theoretical prediction in figures 2.3 and 2.4. The constraints from Γl and from A
l
FB
and Aτ combined are shown separately for ρmix = 1. The quantitative agreement with the
estimates (2.39) is very good. The excluded regions are slightly rotated relative to the axes
because s2W 6= 14 . The deviation of the experimental value from the theoretical prediction
leads to a parallel shift of the exclusion region of the corresponding observable. All three
observables combined cannot exclude the region inside the ellipse. The uncertainty of ρmix
yields a shift of the ellipse, which results in the larger solid region. This shift is possible
only in one direction because we always have M1 < MZ according to equation (1.14). Future
improved measurements of MW and Mt and a determination of MH would reduce the shift.
The present data are consistent with the assumption (1.25), i.e. with LMe = L
M
ν . One
could then interpret the constraint (2.39) from the invisible width as a constraint to LMe .
Unfortunately, this gives no improvement to the combined region shown in figure 2.3.
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Figure 2.3 Areas of (aMl , v
M
l ), for which the
extended gauge theory’s predictions are indis-
tinguishable from the SM (95% CL). Models
between the dashed (dotted) lines cannot be de-
tected with Γl, (A
l
FB and A
l
LR together). The
regions surrounded by the solid lines cannot be
resolved by all three observables combined, see
text. The numbers at the straight line indi-
cate the value of θM in units of 10
−3 for the
χ model. The dots for θM < 0 are not labeled.
The rectangle is calculated from figure 2.18.
Figure 2.4 Areas of (g2a
′
l/(g1al), θM ) and
(g2v
′
l/(g1vl), θM ), for which the extended gauge
theory’s predictions are indistinguishable from
the SM (95% CL). This figure is an update of
figure 4 in reference [61].
The model independent constraint shown in figure 2.3 can be interpreted as a constraint
on the ZZ ′ mixing angle θM for any fixed model with known couplings a′l and v
′
l. Varying
the mixing angle, one moves on a straight line on figure 2.3. This line intersects the model
independent exclusion limit for certain values of θM . The values of θM at the intersection
points define the excluded regions of θM . Graphically, one obtains −0.006 < θM < 0.0025
for the χ model. The model independent constraints obtained from a one–parameter fit are
expected to be stronger.
Model independent limits on vMq , a
M
q can be obtained in a similar procedure, see reference
[61].
A global fit to LEP data would allow to constrain the 5 independent couplings LMl , R
M
e ,
LMq , R
M
u and R
M
d simultaneously. These couplings are defined in analogy to v
M
f , a
M
f ,
LMf = θMg
′L′f , R
M
f = θMg
′R′f . (2.40)
Future constraints The present constraints on aMe and v
M
e obtained from LEP data can be
improved by future measurements of the reaction e+e− →W+W−. The rectangle in figure 2.3
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is calculated from figure 1 of reference [93]. See section 2.3 for details.
The constraints on aMq and v
M
q from the Z1 peak cannot be improved by measurements at
M21 6= s < M22 . Future measurements at the Z2 peak (if it exists) allow a separate measurement
of the couplings a′f , v
′
f and of the mixing angle θM .
2.1.3.2 Model independent constraint on θM
Figure 2.3 is independent of θM as far as θM is small. This allows the derivation of a model
independent constraint on θM . In the simplest approximation, where only the linear terms in
θM are kept in equation (1.28), we obtain the estimate
|θM | < ∆c
c
g1c
g2c′
, where c = al, vl and c
′ = a′l, v
′
l. (2.41)
∆c is the bound on aMl or v
M
l taken from figure 2.3. In particular, the estimate (2.41) gives
|θM | < 0.003 for g2a′l/(g1al) = 0.62 as it is the case in many GUT’s.
The exact numerical result for θM as a function of g2a
′
l/(g1al) is shown in figure 2.4. The
approximate bound (2.41) is recovered at large g2c
′/(g1c). In contrast to (2.41), the exact
calculation gives a constraint on θM also for a Z
′ with zero coupling, i.e. for g2c′/(g1c) = 0.
It is |θM | < 0.035 for c = al. This can easily be understood from equation (1.28) where the
deviations of the couplings af (1) or vf(1) from af or vf with increasing θM eventually become
larger than the experimental error even for the case g2 = 0.
If one allows a large ZZ ′ mixing, there is one particular Z ′ with all couplings proportional
to those of the SM Z boson and a fine-tuned overall coupling strength,
g2c
′
f = g1cf
1− cM
sM
, c = a, v, f = l, c, b, (2.42)
which will not produce a deviation of cf(1) from cf . The beginning of this region of insensitivity
can be recognized in figure 2.4. Models with fine tuning (2.42) in all couplings can only be
detected by effects of the Z ′ propagator.
2.1.3.3 Model dependent constraint on θM and M2
Estimate θM can be much better constrained in particular Z
′ models because they link the
Z ′ couplings to leptons and to quarks by model parameters. Assuming v′f ≈ vf and a′f ≈ af ,
we obtain from equation (2.39),
|θM | < θlimM ≈
g1
2g2
∆Γf1
Γf1
. (2.43)
The constraint (2.43) scales with the integrated luminosity L as
θlimM ∼
[
1 + r2
L
]1/2
. (2.44)
r is the ratio of the systematic and statistical error as defined in equation (1.66).
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Consider now the sensitivity to M2. For simplicity, we assume θM = 0 identifying Z2 = Z
′
and Z1 = Z. Again, we assume that the Z and Z
′ couple with the strengths g1 and g2
to SM fermions setting v′f ≈ vf , a′f ≈ af . Only the ZZ ′ interference is important near the
Z resonance, Then, we can approximate the relative shift of cross sections, ∆Z
′
O/OSM =
∆σT /σT by a ratio of propagators,
∆Z
′
O
OSM
≈ g
2
2
g21
|ℜeχZχ∗Z′|
|χZ|2 =
g22
g21
s−M2Z
M2Z′ − s
. (2.45)
The deviation ∆Z
′
O has to be compared with the experimental error ∆O. Choosing
√
s =
MZ + ΓZ/2, we conclude that a Z
′ with a mass
MZ′ < M
lim
Z′ = MZ
(
1 +
g22
g21
O
∆O
ΓZ
MZ
)1/2
≡ MZ
(
1 +
1
∆o
ΓZ
MZ
)1/2
, ∆o =
g21
g22
∆O
O
(2.46)
would be detected by the observable O. The factor ΓZ/MZ reflects the suppression of the ZZ
′
interference relative to the resonating contribution.
One exception is the transverse-normal spin asymmetry mentioned in section 2.1.1.4. It
is proportional to the imaginary part of the product of the propagators. Hence, it has no
suppression factor Γ1/M1. Unfortunately, this potential sensitivity is compensated by the loss
of statistics in the measurement of this asymmetry [71]. The result is a net sensitivity to M2
weaker than (2.46).
Present constraints Measurements at the Z1 resonance give the best present limits on ZZ
′
mixing [66].
The analysis of LEP data requires the inclusion of weak corrections. This induces a de-
pendence of the limits on the Higgs and the top mass. Sometimes, θM and M2 are fitted
as independent parameters, which corresponds to a Higgs sector consisting of an arbitrary
number of Higgs doublets and singlets. One should note that in this case the weak corrections
calculated within the minimal SM are only approximate. For a specified Higgs sector, θM and
M2 are related by the Higgs constraint (1.17). This relation transforms the tight limits on θM
to limits on M2, which are much better than those obtained for unconstrained Higgs sectors,
compare also figure 7 in reference [94].
The present two-dimensional constraint of the parameter space θM ,M2 from L3 data is
shown in figure 2.5. The figure is based on LEP data published in 1997 [95]. A χ2 fit to the
observables σlT , A
l
FB, A
τ
pol, Rb and A
b
FB is performed. The bound on θM is dominated by the
data from the Z1 peak, while the bound on M2 is dominated by the data above the Z1 peak.
Constraints on θM for a Z
′ in E6 models obtained in the same analysis [103] are shown in
figure 2.6. We see that the data give tight constraints on θM for all models considered.
Several indirect [23, 59, 60, 90, 94, 96, 97, 98, 99] and direct [30, 62, 100, 101, 103] Z ′
analyses have been performed recently. We can only comment on some of them and compare
the results with the naive estimates derived in the previous section.
Reference [94] , DELAGUILA92 This analysis is based on LEP data published in [104]
and on νq, νµe, eH data [105], atomic parity violation data [106] and on data on MW
[105, 107], see table 1 of reference [94]. The limit on θM , see figure 7 of reference [94],
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Figure 2.5 The 95% CL allowed regions in
the θM − MZ′ plane for the χ model. The
input of this figure is MZ = (91.1863 ±
0.0019)GeV, Mt = (175 ± 6)GeV, MH =
150GeV and αs = 0.118±0.003. This figure is
a preliminary result taken from reference [102].
Figure 2.6 The 95% CL bounds on the ZZ ′
mixing angle, θM , as a function of the E6 pa-
rameter β = θ6. The input of this figure is
MZ = (91.1863 ± 0.0019)GeV, Mt = (175 ±
6)GeV, MH = 150GeV, αs = 0.118 ± 0.003
and MZ′ > 550GeV . This is figure 1 from ref-
erence [103].
is dominantly set by the LEP data. Special attention is paid to the constraints on the
breaking parameters of the E6 theory by the data. Furthermore, the correlation between
MZ′ andMt is considered in detail. We show in table 2.1 the bounds taken from figure 7
for MZ′ = 700GeV,Mt = 130GeV andMH = 100GeV . We select Γ1 = (2485±9)MeV
from the data [104] for the estimate (2.43) of θM . We multiply the 90% CL numbers
given in [94] by 1.195 to estimate the 95% CL bounds.
Reference [30] , LEIKE92 This analysis is based on the data from reference [108], which
includes the LEP data from 1989 and 1990. It is the first direct Z ′ analysis. It is shown
there that the results of earlier indirect analyses [60, 109, 110] agree with the results of
the direct analysis. The values of θM given in table 2.1 are taken from figure 3 of [30]
for MZ′ = 700GeV,Mt = 150GeV and MH = 300GeV . We use ΓZ = (2487± 10)MeV
based on the data [108] for our estimate.
Reference [96] , ALTARELLI93 This analysis is based on LEP data [111] and on CDF and
UA2 data. The limits on θM are dominated by the LEP data. In addition, the data are
interpreted in terms of the ǫ parameters defined in [112] and in models with specified
Higgs sectors. Note that the angle θ2 parametrizing the E6 models introduced there is
connected with β introduced in equation (1.41) by the relation β = θ2 − arctan
√
5/3.
We take θM from table 5 forMt = 150GeV andMH = 100GeV choosing θ2 = 0, 50,−30
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degrees for Z ′ = η, χ, ψ. These values θ2 are only approximate for Z ′ = χ(ψ), where the
exact values should be 52.2(-37.8) degrees. Furthermore, we exploited the insensitivity
of the reaction e+e− → f f¯ relative to the simultaneous change of the signs of all Z ′
couplings to fermions, i.e. to a shift θ2 → θ2 + π. We multiplied the numbers from
table 5 in reference [96] by 1.96 to estimate 95% CL numbers from the values given at
one–σ. We select ΓZ = (2489± 7)MeV from the data [111] for our estimate.
Reference [101] , ABREU95 This direct Z ′ analysis of the DELPHI collaboration is based
on LEP data from 1990 to 1992. The limits on θM are obtained for Mt = 150GeV and
MH = 300GeV . The effect of αs is small as far as it is chosen between 0.118 and 0.128.
Reference [3] , CVETICˇ97 This analysis is based on LEP and SLD data [113], [114]. The
CDF constraint Mt = (175 ± 6)GeV is included. We take the 95%CL bounds on θM
from table 2. Our estimate is based on ΓZ from the data [113], [114].
Reference [102] , S.RIEMANN97 This analysis is based on L3 data [115] and LEP data
[116] published in 1996 and 1997. It includes the recent measurements beyond the Z1
peak. The measurements on the Z1 peak define the limits on θM , while the measurements
beyond the Z1 peak define M
lim
Z′ . The values for θM shown in table 2.1 are obtained for
Mt = (175± 6)GeV, αs(MZ) = 0.118± 0.003 and MZ2 > 550GeV .
We now compare the results of the analyses listed above with the results on θM obtained
from a model independent analyses based on leptonic observables only and specified to specific
models in a second step.
Reference [60] , LAYSSAC92 This analysis is based on LEP data published in [117]. We
show in table 2.1 the bounds on θM taken from figure 3. We multiply the bounds given
there at one–σ with 1.96 to estimate the 95% CL bounds.
This paper , section 2.1.3.1 This analysis is based on combined LEP and SLC data from
1990 to 1995 published in [91]. We show in table 2.1 the bounds on θM obtained from
figure 2.3 by the same procedure as explained for the χ model.
The limits from the model independent analyses are weaker than those obtained in the
model dependent analyses. The main reason of this difference is that the model independent
analyses are based on data from leptons in the final state only. In the model dependent
analyses, all couplings of the Z ′ to fermions are linked by model parameters. This allows the
inclusion of leptonic and hadronic observables in the analysis.
We list only the results of one analysis on M2 because the limits from precision measure-
ments at the Z1 peak alone are rather poor in the case of an unconstrained Higgs sector.
Reference [30] , LEIKE92 See description of limits on θM above for details of this analysis.
We show in table 2.2 the limits on MZ′ quoted in section 4.2 of reference [30]. The
estimate (2.46) is based on ΓZ = (2487± 10)MeV selected from the data [108] used in
[30].
We see that the predictions of the formulae (2.43) and (2.46) are in reasonable agreement
with the numbers obtained in the exact analyses of real data. Of course, they cannot reproduce
details of the different models.
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Analysis χ ψ η LR θlimM
[94] −0.007 , 0.005 −0.007 , 0.006 −0.006 , 0.008 −0.008 , 0.003 ±0.006
[30] −0.006 , 0.008 −0.009 , 0.006 −0.011 , 0.009 −0.004 , 0.008 ±0.007
[96] −0.0035, 0.0035 −0.0051, 0.0043 −0.013 , 0.0090 −0.0029, 0.0033 ±0.005
[101] −0.0070, 0.0078 −0.0075, 0.0095 −0.029 , 0.029 −0.0057, 0.0077 ±0.005
[3] −0.0029, 0.0011 −0.0022, 0.0026 −0.0055, 0.0021 −0.0013, 0.0021 ±0.002
[102] −0.0036, 0.0017 −0.0039, 0.0029 −0.0049, 0.0055 −0.0053, 0.0033 ±0.002
[60] −0.022 , 0.012 −0.008 , 0.014 −0.024 , 0.040 −0.006 , 0.011
2.1.3.1 −0.006 , 0.003 −0.011 , 0.006 −0.018 , 0.014 −0.008 , 0.005
Table 2.1 The 95% CL ranges of the ZZ ′ mixing angle θM for different Z ′ models obtained in
the analyses listed in the text. The estimate θlimM is calculated using equation (2.43) with g2/g1 =√
5
3sW ≈ 0.62.
Analysis χ ψ η LR M limZ′
[30] 148 122 118 - 138
Table 2.2 The lower bounds on Z ′ masses M limZ′ in GeV excluded with 95% CL by the analysis
explained in the text. The estimate M limZ′ from (2.46) is added with g2/g1 =
√
5/3sW ≈ 0.62.
Future constraints The limits on θM from the data [91] could be improved only by future
measurements of the reaction e+e− →W+W−. For details, we refer to section 2.3.
The present limits on M2 for models with unconstrained Higgs sectors are much weaker
than those from LEP2 or from the Tevatron. Future e+e− and pp(pp¯) experiments will further
improve the limits on M2. With constrained Higgs sectors, the indirect limits on M2 from the
measurements at the Z1 peak compete with the limits from the other experiments [66].
2.1.4 Z ′ limits at M21 6= s < M22
Below the Z2 resonance and off the Z1 peak, different cross sections and asymmetries are
predicted by the SM. The SM parameters are known very precisely from the measurements at
the Z1 peak. If future measurements differ from these predictions, one can try to interpret the
differences as effects due to an extra Z boson. The Z ′ signal arises through interferences of
the Z2 with the photon or Z1 boson. The deviations due to these interferences can be detected
if they are larger than the experimental error.
Compared to measurements at the Z1 peak, the sensitivity to θM is suppressed by a factor
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Γ1/M1 due to statistics. Therefore, the dependence on θM can be neglected putting θM = 0
and identifying Z2 = Z
′ and Z1 = Z.
Early Z ′ analyses can be found in references [32, 46, 118, 119]. We consider here results
for Z ′ constraints obtained by different recent analyses.
2.1.4.1 Model independent constraints on vNl and a
N
l
Estimate As shown in section 2.1.1, the amplitude of off–resonance fermion pair production
depends only on the normalized couplings vNf and a
N
f and not on a
′
f , v
′
f and MZ′ separately.
Consider the constraints arising from the independent observables σlT , A
l
FB and A
l
LR in-
troduced in section 2.1.1. The measurement of each of these observables excludes a certain
domain of the Z ′ couplings vNl and a
N
l . This domain can be calculated analytically in the Born
approximation taking into account the contributions of the γZ ′ and ZZ ′ interferences, neglect-
ing the Z ′Z ′ contribution. For simplicity, we set s2W =
1
4
. The three considered observables
detect a signal if the following conditions are fulfilled [68],
σlT :
∣∣∣∣∣∣
(
vNl
HT
)2
+
(
aNl
HT
)2
χZ(s)
4
∣∣∣∣∣∣ ≥ 1, HT =
√
αχcl
2
σl
T
σl
T
(QED)
∆σl
T
σl
T
,
AlFB :
∣∣∣∣∣∣
(
vNl
HFB
)2
−
(
aNl
HFB
)2
(3− AlFBχZ(s))14
AlFB − 316χZ(s)
∣∣∣∣∣∣ ≥ 1, HFB =
√√√√ αχcl2 σlTσl
T
(QED)
∆Al
FB
Al
FB
− 3
16
χZ(s)
,
AlLR :
∣∣∣∣∣
(
vNl
H ′′v
)(
aNl
HLR
)∣∣∣∣∣ ≥ 1, HLR =
√√√√ αχcl2 σlTσl
T
(QED)
∆ALR
1+ 1
4
χZ(s)
.
(2.47)
χZ(s) is defined in (2.7) and σ
l
T (QED) =
4πα2
3s
. σlT detects a Z
′ with couplings outside an
ellipse above the Z1 peak and outside a set of hyperbolas below the Z1 peak. The forward–
backward asymmetry is sensitive to a Z ′ with couplings outside a set of hyperbolas above
the Z1 peak and to a Z
′ with couplings outside an ellipse below the Z1 peak. The left–right
asymmetry detects a Z ′ with couplings outside a different set of hyperbolas for all energies.
As explained in section 2.1.2.1, the quantitative prediction (2.47) is only changed a little by
radiative corrections if appropriate kinematic cuts are applied. The axes of the ellipse and the
hyperbolas HT , HFB and HLR do not depend on the Z
′ model. They are proportional to the
root of the experimental errors ∆σlT , ∆A
l
FB and ∆ALR. For further details, we refer to [68].
Alternatively, the differential cross sections of left- and right-handed beams can be con-
sidered. The Cramer-Rao bound [120] for the reaction e+e− → µ+µ− is derived in the second
reference of [121] in the limit M2Z′ ≫ s≫ M2Z and s2W = 14 . In our notation, we have
χ2∞ ≈
L
s
π[10(vNe )
4 + 22(vNe )
2(aNe )
2 + 7(aNe )
4]. (2.48)
The bound (2.48) gives the the theoretical limit of a constraint of the Z ′ parameters by the
observables considered.
For comparison, we give the bound (2.47) deduced from σlT in the same limit as (2.48),
χ2 ≈ L
s
π
24
5
[(vNe )
2 +
1
3
(aNe )
2]2. (2.49)
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As it should be, it is worse than (2.48).
To conclude, we remark that expressions similar to (2.47) were obtained some time ago in
reference [122] to constrain the interactions of the SM Z boson.
Present Constraints Present constraints on vNl and a
N
l are available from measurements
at TRISTAN and at LEP2.
Reference [123] , OSLAND97 This analysis is based on measurements of σµT and A
µ
FB
at TRISTAN [124] (L = 300 pb−1,
√
s = 58GeV ) and LEP1.5 (L = 5 pb−1,
√
s =
130− 140GeV ). The constraints on aNl and vNl are shown in figure 2.7. The constraints
from future measurements at LEP2 ( (L = 150(500) pb−1,
√
s = 190GeV ) are predicted
too. The systematic error of both observables is assumed to be 1% at all colliders (see
table 1 in reference [123]. The conventions are Al = a
N
l , Vl = v
N
l .
Reference [103] , S.RIEMANN97 This analysis is based on LEP data published in 1997
[95]. A χ2 fit to the observables σlT , A
l
FB and A
τ
pol is performed to give the allowed
regions in the a′l − v′l plane. The resulting constraints are shown in figure 2.8. All
radiative corrections and systematic errors are included in this analysis.
-0.05 -0.025 0 0.025 0.05
-0.05
-0.025
0
0.025
0.05
Figure 2.7 Combined regions allowed by σµT
and AµFB for χ
2 = χ2min+4 in the (Al, Vl) plane
for TRISTAN, LEP1, LEP1.5 and LEP2 col-
liders. Two bounds are shown for LEP2 cor-
responding to L = 150 pb−1 (one year of run-
ning) and L = 500 pb−1 (three years of run-
ning). Radiative corrections are included. This
is figure 4 of reference [125].
Figure 2.8 The 95% CL allowed regions in
the a′l, v
′
l plane from L3 data now (large re-
gion) and at the end of LEP2 (small region).
The input of this figure is MZ = (91.1863 ±
0.0019)GeV, Mt = (175 ± 6)GeV, MH =
150GeV, αs = 0.118 ± 0.003 and MZ′ =
500GeV . This is figure 2 of reference [103].
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Future Constraints Predictions for future constraints on aNl and v
N
l of a 500GeV col-
lider including radiative corrections are shown in figure 2.9. The analysis includes statistical
and systematic errors. The resulting combined errors of the observables entering figure 2.9
are ∆σlT /σ
l
T = 1%, ∆A
l
FB = 1% and ∆A
l
LR = 1.2%. We refer to [126] for further details.
As predicted by the Born analysis (2.47), the regions indistinguishable from the SM are ap-
proximately ellipses for σlT and areas between hyperbolas for A
l
FB and A
l
LR. The remaining
two parts of the hyperbolas from AlFB are outside the figure. ALR gives only a marginal
improvement to the Z ′ exclusion limits.
A quantitative comparison with (2.47) shows that the error of the Born prediction for
the exclusion regions is below 10%. Of course, this number depends on the kinematic cuts
as explained in section 2.1.2.1. The equations (2.47) can be used to predict the changes in
figure 2.9 for different errors of the observables.
The model independent exclusion region predicted for final LEP2 data (
√
s = 190GeV, L =
0.5 fb−1) is shown in figure 3a of reference [126]. It looks very similar to figure 2.9 and agrees
with figure 2.7.
For illustration purposes, the domains of the normalized couplings aNl , v
N
l are shown in
figure 2.10 for E6 models. For a fixed Z
′ model, i.e. known couplings v′l and a
′
l, the limits
on aNl and v
N
l transform to Z
′ mass limits. This is illustrated in figure 2.10 for Z = χ.
Superimposing figures 2.9 and 2.10, we predict M limχ ≈ 4
√
s. For a fixed MZ′, figure 2.9 can
be drawn for a′l and v
′
l as done in figure 2.8.
The couplings of the Z ′ to quarks aNq and v
N
q can only be constrained if the Z
′ couplings
to leptons are non-zero. This is different from the constraints on aMq and v
M
q at the Z1 peak,
which were possible also in the case vMl = a
M
l = 0.
In models, where the couplings of the Z ′ to leptons are considerably smaller than those
to quarks, one can have a signal in the quarkonic observables without a signal in leptonic
observables. See reference [127] for a discussion of such a possibility.
Assuming the relations (1.27), the measurements at future colliders would constrain the
five couplings
Ll(2), Re(2), Lq(2), Ru(2), Rd(2). (2.50)
In the case of an agreement of these measurements with the SM predictions, the allowed
regions of the couplings (2.50) contain zero.
The measurement of non-zero couplings in the case of a Z ′ signal is investigated in the
literature and will be discussed in section 2.1.4.4.
Finally, we mention that aNf , v
N
f and a
M
f , v
M
f are uniquely related by the Higgs constraint
(1.17) in models where the Higgs sector is specified. An appropriate scaling and a superposition
of figures 2.3 and 2.9 would then allow a direct comparison of the model independent limits
from e+e− → f f¯ for s ≈M21 and for M21 6= s < M22 .
2.1.4.2 Model dependent constraints on MZ′
Estimate To obtain an estimate forMZ′, we fix the Z
′ couplings v′f ≈ vf , a′f ≈ af . Consider
the γZ ′ interference in σfT . We derive
∆Z
′
O
OSM
≈ g
2
2
g21
|ℜeχγχ∗Z′|
|χγ|2 ≈
g22
g21
s
M2Z′ − s
, which gives M limZ′ =
√
s
(
1 +
1
∆o
)1/2
. (2.51)
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Figure 2.9 Areas of (aNl , v
N
l ) values, for
which the extended gauge theory’s predictions
are indistinguishable from the SM (95% CL)
for
√
s = 500GeV and L = 20 fb−1. Mod-
els inside the ellipse cannot be detected with
σlT measurements. Models inside the hatched
areas with falling (rising) lines cannot be re-
solved with AlFB (A
l
LR). I thank S. Riemann
for providing this figure.
Figure 2.10 The normalized leptonic vector
and axial vector couplings vNl and a
N
l for
MZ′ = 3
√
s in typical GUT’s. For the χ model,
MZ′ is varied in units of
√
s.
Models with MZ′ < M
lim
Z′ would give a signal in the observable O. Comparing the two
expressions for measurements on and off the Z peak given by the equations (2.46) and (2.51),
we see that (2.46) has an additional suppression factor ΓZ/MZ .
We usually have 1/∆o ≡ g22/g21 · O/∆O ≫ 1. This allows the further approximation in
(2.51),
M limZ′ ≈
√
s
∆o
. (2.52)
The approximation (2.52) is in agreement with the estimates(2.47), which contains more details
of the model. Taking into account the scaling of the error ∆o ∼
√
s/L, one obtains the well
known scaling law of the Z ′ mass limit [68, 128, 129],M limZ′ ≈ (sL)1/4. It is valid in the absence
of systematic errors. A scaling including the systematic errors is obtained substituting L by
L/(1 + r2),
M limZ′ ∼
[
sL
1 + r2
]1/4
. (2.53)
The influence of (not too large) systematic errors on Z ′ exclusion limits is therefore rather
moderate.
Radiative corrections give cross sections depending on kinematic cuts. We already noticed
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the moderate dependence of cross sections on the photon energy cut ∆ in the case where the
radiative return is forbidden, see figure 2.1. The influence of ∆ on M limZ′ is further reduced by
the fourth root in equation (2.53).
Present Constraints The best present mass limits on extra neutral gauge bosons predicted
in E6 models come from proton collisions. As an example of limits onMZ′ from e
+e− collisions,
we quote the numbers in table 2.3 read off from reference [102] S. RIEMANN97. More details
of the analysis are given in section 2.1.4.1. The estimate of M limZ′ is calculated using the
statistical error of σlT . Formula (2.51) must be used because of the small numbers of events.
Analysis χ ψ η LR SSM M limZ′
[102] 300 220 230 310 520 240
Table 2.3 The lower bound on Z ′ masses M limZ′ excluded with 95% CL by the analysis explained in
the text.
Future Constraints Many analyses investigate the Z ′ mass limits reachable at future col-
liders. The minimal input of these analyses are assumptions about the center–of–mass energy,
the integrated luminosity and a list of observables used in the fit. Optionally, systematic errors
are included. Radiative corrections have to be included into fits to real data. However, they
introduce only small changes in theoretical investigations, where the “data” can be generated
in the Born approximation and then be fitted by Born formulae [68, 130]. See section 2.1.2
for the reasons why this works well.
We now comment on the recent theoretical analyses, the results of which are collected in
Table 2.4.
Reference [126] , LEIKE97 Theoretical analysis for LEP2 and a future linear collider.
The observables
σlT , A
l
FB, A
l
LR, A
τ
pol, R
had, AhadLR , Rb = σ
b
T /σ
had
T , A
b
FB, A
b
LR (2.54)
are included in the fit. 80% polarization of the electron beam is assumed. The efficiency
of flavour tagging is included in the systematic errors. The full SM radiative corrections
are included. The numbers giving limits at 95% CL are taken from table 3 of reference
[126]. The mass limits without and with inclusion of systematic errors are shown. We
take the error of the most accurately measured observable for our estimate of M limZ′ , i.e.
∆AhadLR in all scenarios. The one–σ errors of ∆A
had
LR with and without systematic errors
are 0.8% and 0.6% (0.7% and 0.5%) for LEP2 (LC500).
Reference [131] , RIZZO96 Theoretical analysis for new gauge boson searches at different
future colliders. The observables
σfT , A
f
FB, A
f
LR, A
f
LR,FB, A
τ
pol and A
τ
pol,FB (2.55)
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for different final state fermions f = l, c, b, t are included in the fit. 90% polarization of
the electron beam is assumed. Initial state radiation, finite identification efficiencies and
systematic errors associated with luminosity and beam polarization uncertainties are
taken into account. We selected for table 2.4 the numbers given in table 3 of reference
[131], which are given at 95% confidence.
Reference [132] , GODFREY96 Analysis of new gauge boson searches at different future
colliders. Compared to the older analysis [133], more observables and the option of a
µ+µ− collider are included. The 18 observables
σµf , A
f
FB, A
f
LR, f = µ, τ, c, b; A
f
LR,FB, f = µ, c, b; A
τ
pol, R
had, AhadLR (2.56)
are included in the fit for e+e− colliders. 90% electron polarization is assumed. Only the
10 observables, which do not demand beam polarization, are included for µ+µ− colliders.
Detection efficiencies are taken into account. Radiative corrections and systematic errors
are not included. The numbers quoted in table 2.4 are taken from figure 1 of reference
[133] multiplied with 1.15 to transform the 99% CL limits given there to 95% CL limits.
The estimate (2.52) in table 2.4 is obtained with the statistical error of AhadLR as input.
Analysis
√
s/TeV L fb χ ψ η LR SSM M limZ′ (E6)
[126] +syst. 0.19 0.5 0.99 0.56 0.62 1.10 1.50 0.95
[126] stat. 0.19 0.5 1.10 0.64 0.69 1.30 1.70 1.10
[126] +syst. 0.5 20 2.8 1.6 1.7 3.2 4.0 2.6
[126] stat. 0.5 20 3.1 1.8 1.9 3.8 4.7 3.1
[131] 0.5 50 3.2 1.8 2.3 3.7 4.0 2.6
[132] e+e− 0.5 50 5.2 2.5 2.9 4.2 6.9 3.9
[132] µ+µ− 0.5 50 4.0 2.3 2.5 3.7 6.9 3.9
Table 2.4 The lower bound on Z ′ masses M limZ′ in TeV excluded by the different analyses described
in the text. The estimate (2.51) for M limZ′ is calculated with g2/g1 = 0.62.
The estimate forM limZ′ in table 2.4 gives a good prediction of the exact exclusion limits. Of
course, it cannot describe the differences between the E6 models. The scaling (2.53) predicts
that systematic errors of the same magnitude as the statistical errors, i.e. r = 1, should change
M limZ′ → M limZ′ / 4
√
2, which is a reduction of 16% only. This is in agreement with table 2.4.
Observables, which require flavour tagging, have systematic errors, which usually dominate
the statistical errors. However, these observables give only a moderate contribution to M limZ′
keeping the dependence of M limZ′ on their systematic errors small. For details, we refer to
[126, 131].
The price one has to pay for model independent limits on vNl and a
N
l can be estimated
comparing the exclusion limit for M limχ = 2.8 TeV quoted in table 2.4 with the value M
lim
χ =
4
√
s = 2TeV obtained in the model independent analysis explained in section 2.1.4.1. Both
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analyses are based on the same assumptions on the data. The difference occurs because the
model independent analysis is based on a two parameter fit to σlT , A
l
FB and A
l
LR, while the
numbers quoted in table 2.4 are based on a one–parameter fit to many more observables. The
difference between the values for M limZ′ from both analyses is not too large. This reflects the
importance of σlT , A
l
FB and A
l
LR in the M
lim
Z′ constraint.
2.1.4.3 Constraints on g2
GUT’s are the main motivation for the search for extra neutral gauge bosons. In GUT’s,
all gauge interactions are unified at high energies. In general, it is not expected that the
renormalization group equations change the gauge couplings drastically during the evolution
from GUT energies down to low energies Therefore, one expects g2 ≈ g1 at low energies. On
the other hand, it is useful from the experimental stand point of view to find all possible
constraints on new particles, which can be derived from the data. This is the reason why we
consider limits on a Z ′ with small couplings to all SM fermions. The best present constraints
on a Z ′ with small couplings in the case of a non-zero ZZ ′ mixing come from measurements
at the Z1 peak, see figure 2.4. Here, we assume that there is no ZZ
′ mixing.
Estimate Equation (2.51) can be inverted to give an estimate of the sensitivity to the
coupling strength g2,
glim2 = g1
√
M2Z′ − s
s
∆O
O
. (2.57)
Models with couplings g2 > g
lim
2 would give a signal in the observable O. Formula (2.57) is
not true near the Z ′ resonance. If one assumes that measurements with an accuracy of 1% are
performed at energies
√
s,
√
2s,
√
4s, . . ., a Z ′ with g2 > g1/7 is excluded below its resonance
with 95% confidence .
Alternatively, the bounds on a′lg2 and v
′
lg2 follow from the model independent limits on
aNl , v
N
l , compare definition (2.3),
a′lg2 = a
N
l
√
4π
√
|m22 − s|
s
. (2.58)
The formula (2.58) is also valid for energies above the Z ′ resonance. As expected, the sen-
sitivity to a weakly coupled Z ′ increases for the center–of–mass energies approaching the Z ′
mass. As it should be, the estimate (2.58) agrees with (2.57) after substituting aNf according
to (2.47).
Present and future Constraints The present bounds on aNl and v
N
l from TRISTAN can
be read off from figure 2.7, those from 1996 L3 data are given in references [62, 102],
TRISTAN: aNl = 0.025 v
N
l = 0.03,
LEP1.5,
√
s ≈ 130GeV : aNl = 0.095 vNl = 0.16,
LEP2,
√
s = 170GeV : aNl = 0.10 v
N
l = 0.11. (2.59)
The bounds on aNl and v
N
l expected from a next linear collider can be taken from figure 2.9,
NLC,
√
s = 500GeV, L = 20 fb−1 : aNl = 0.0093, v
N
l = 0.011. (2.60)
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Figure 2.11 Present (thin lines) and future (thick lines) upper bounds (95% CL) on a′lg2 as function
of the Z ′ mass. Every bound is shown for Γ2/M2 = 0.01 (solid lines) and Γ2/M2 = 0.1 (dashed lines).
See text for the input.
The constraints on a′lg2 resulting from the input (2.59) and (2.60) are shown in figure 2.11.
The limits on g2 for models with other couplings are expected to be similar because the
constraints on aNl and v
N
l are comparable. The inclusion of PEP and PETRA data would
improve the bound on g2 for small MZ′.
Although, ΓZ′ is related to g2 in GUT’s, we consider it as a free parameter in figure 2.11.
This figure illustrates that the constraint is not very sensitive to Γ2/M2. The same is true for
the mass exclusion limits obtained in the previous section. This insensitivity to Γ2/M2 is an
important difference to Z ′ limits from hadron collisions.
For models, where a′lg2 is known, mass limits M
lim
Z′ can be derived from figure 2.11. For
example, Z ′ = ψ has pure axial couplings to electrons, a′l = 1/
√
6, (a′lg2 ≈ 0.094). It follows
that M limZ′ = 180GeV from figure 2.11. The value M
lim
Z′ = 220GeV quoted in table 2.3 is
based on the same data set. It is better because hadronic observables also enter this number,
while only leptonic observables enter the limit from figure 2.11.
As we will see later, the limit on g2 for M
2
Z′ > s can be further improved for MZ′ < s by
searching for photons from the radiative return to the Z ′ resonance.
2.1.4.4 Errors of model measurements
In the case of deviations from the SM predictions, one has to prove experimentally that these
deviations are due to an extra neutral gauge boson. If this is the case, the three observables
σlT , A
l
FB and A
l
LR depend on the two couplings a
′
l and v
′
l only. Therefore, there must be a
relation between these observables. Z ′ theories occupy only a two-dimensional subspace of
the three-dimensional space spanned by the values of these three observables. See reference
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[134] for a detailed discussion of this point. If the new interaction is due to a Z ′, its couplings
to all fermions should be measured. These measurements can de done with or without model
assumptions as far as these are consistent with the data. In contrast to the Z ′ exclusion limits,
the systematic errors of future experiments have a significant influence on measurements of
Z ′ model parameters.
Estimate Suppose that there exists a Z ′ withMZ′ = fmM limZ′ < M
lim
Z′ . We first estimate the
experimental bounds on the Z ′ mass M−Z′ < MZ′ < M
+
Z′ , which can be set by the observable
O. Considerations similar to those of the exclusion limits in section 2.1.4.2 give
M±Z′ = MZ′
(
1∓∆o(1−∆o/f 2m)
1∓ f 2m ±∆o
)1/2
≈ MZ′√
1∓ f 2m
. (2.61)
The last approximation is valid under the conditions ∆o≪ 1− f 2m < 1 and ∆o≪ f 2m, which
are fulfilled in a reasonable model measurement. For small f 2m, we can further approximate,
M+Z′ −M−Z′
M+Z′ +M
−
Z′
≈ ∆MZ′
MZ′
≈ 1
2
(
MZ′
M limZ′
)2
≡ 1
2
f 2m. (2.62)
Similar considerations can be used for a measurement of the coupling strength g2 assuming
that the Z ′ mass is known,
∆g2
g2
≈ 1
2
[
f 2m −∆o(1− f 2m)
]
≈ 1
2
f 2m. (2.63)
Again the last sequence of the approximations relies on ∆o ≪ f 2m. In practice, the estimates
(2.62) and (2.63) work satisfactorally for fm <
1
2
.
The estimates (2.62) and (2.63) give a general relation between Z ′ exclusion limits and
relative errors of Z ′ model measurements: They relate the amount of (Ls)det one has to pay
for the detection of a Z ′ of a certain model to the amount of (Ls)ε which is necessary for a
model measurement with the accuracy ε, of the same model by the same observables at the
same confidence level [135],
(Ls)ε ≈ 1
4ε2
· (Ls)det. (2.64)
The influence of systematic errors on model measurements is predicted by the estimates
(2.62), (2.63) and (2.53),
∆MZ′
MZ′
,
∆g2
g2
∼
[
1 + r2
sL
]1/2
. (2.65)
Relations (2.65) are scaling laws similar to (2.53). Compared to exclusion limits, the
influence of the systematic error is now more pronounced.
Present Measurements There are no experimental indications for extra neutral gauge
bosons. However, in the PEP [136], PETRA [137] and TRISTAN [138] experiments the
couplings (and the mass) of the SM Z boson were constrained by measurements below its
resonance. These experimental results allow the test of our estimates (2.62) and (2.63). In
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fact, these estimates give a correct prediction of the experimental error of the Z coupling
measurement ∆aµ/aµ of all these experiments within a factor of two.
Let us demonstrate the estimates with the results of the AMY collaboration [138]. In
the first step, we calculate M limZ ≈ 350GeV using the estimate (2.51). We took the most
accurate observable AµFB = −0.303±0.028 for ∆o adding the statistical and systematic errors
in quadrature. The estimates (2.62) and (2.63) predict ∆MZ/MZ ,∆g/g ≈ 3.4%. This can
be compared with the result of the AMY analysis, ∆g/g = ∆
√
a2l + v
2
l /
√
a2l + v
2
l ≈ ∆al/al =
0.024/0.476 ≈ 5%.
Future Measurements Figure 2.12 shows typical results of a fit to aNl and v
N
l in the case
of a Z ′ signal. It includes the full SM corrections and a cut on the photon energy. As in the
case of exclusion limits shown in figure 2.9, different observables shrink different regions in
the parameter space. A two-fold sign ambiguity remains as long as fermion pair production
is the only process which detects the Z ′. We would be left with a four-fold sign ambiguity
without AlLR because only A
l
LR or related observables are sensitive to the sign of v
N
l ·aNl . This
underlines the essential role of beam polarization in Z ′ model measurements.
A superposition of figure 2.12 and figure 2.10 allows us to estimate errors of model mea-
surements. Assume a measurement of the overall coupling strength cNl ≈
√
(aNl )
2 + (vNl )
2
and MZ′ = 1.5 TeV . One finds from figure 2.12 the errors ∆c
N
l /c
N
l = 0.27, 0.23 and 0.11
for Z ′ = LR, χ and SSM . To compare this result with the estimate (2.62), one should take
M limZ′ obtained from leptonic observables only, which are 2.0, 2.6 and 2.7 TeV according to
table 2.4 in [126]. The errors predicted by the estimate (2.62) are then 0.28, 0.17 and 0.15.
The agreement of the numbers is reasonable.
In reference [126], the couplings of the Z ′ to b quarks are constrained fixing the leptonic
couplings to the values predicted in certain E6 models. Assuming that the couplings to quarks
are predicted by the same model, one can constrain the allowed region for a′b, v
′
b by observables
with b quarks in the final state. The resulting regions are clearly off the point (a′b, v
′
b) = (0, 0)
as shown in figure 2.13. Compared to figure 2.12, the constraints on vNq and a
N
q have a larger
error, which is due to the larger systematic errors of b–quark observables.
Alternatively, one can assume Z ′ couplings to leptons, which are inside the combined region
of figure 2.9 for a 500GeV collider. Such models don’t give a signal in the leptonic observables.
Taking different sets of leptonic couplings satisfying these conditions, one can estimate the
limits on Z ′ couplings to quarks. Such an analysis is performed in reference [102] for LEP2
data and in references [127] for future colliders.
Assuming relation (1.25), all couplings of the Z ′ to SM fermions are described by the
five parameters (1.36). One can then try to fit these parameters by all available observables
simultaneously. This is done in reference [43] for an e+e− collider with
√
s = 0.5 TeV, L =
20 fb−1 and MZ′ = 1TeV for different models using the 18 different observables
σlT , R
had, AhadLR , R
f =
σfT
σlT
, AfFB, A
f
LR, A
f
LR,FB, f = l, c, b, t. (2.66)
In references [43] and [8], one can find three dimensional figures of possible constraints. We
select the result of such a fit from table 5 of the newer analysis [45] and present it in table
2.5. No radiative corrections and no systematic errors are included in the analysis [45]. The
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Figure 2.12
Resolution power of LC500 (95% CL) for dif-
ferent models and MZ′ = 1.5TeV based on a
combination of all leptonic observables. This is
figure 4b from reference [126].
Figure 2.13 Resolution power of LC500 in
the (aNb , v
N
b ) plane (95% CL) based on a com-
bination of all b–quark observables. Different
Z ′ models are considered, MZ′=1.5TeV. This
is figure 7 from reference [126].
complete table 4 in reference [45] underlines again the crucial role of beam polarization in
model measurements. It is shown there that the errors of model measurements without beam
polarization are several times larger.
Having made measurements of the Z ′ couplings, one can go one step further and check
whether the signal is compatible with a Z ′ originating from an E6 GUT, i.e. check whether the
relations (1.39) are fulfilled. If this is the case, one can try to define the underlying parameters
g12/g2 and β of the breaking of the E6 group from the data [45]. Alternatively, one can try
to constrain [45, 126, 130] the parameters α or β parametrizing the E6 models as given in
equations (1.40) and (1.44).
Influence of systematic errors Let us compare the scaling (2.65) with the results of an
exact calculation shown in figure 2.14. We first note that the different scenarios change mainly
the size of the constrained region but not its shape. The change of the size can be characterized
by one number. Let us normalize the the size of the region without systematic errors to unity.
Then the sizes of the regions of the five scenarios in figure 2.14 are (legend from top to down)
1.9, 5.6, 2.5, 1 and 2.9. Combining the curves with ∆syst =0 and ∆syst = 1.5% for L = 50 fb−1
and using estimate (2.65), we calculate ∆syst/∆stat = r = 2.3, and therefore ∆stat = 0.65%.
This is exactly the value, which would follow from the expected number of b quark events. We
now estimate (2.65) the sizes of all remaining curves in figure 2.14 as 1.8, 4.2, 2.5, 1, 2.8. The
agreement except for the second curve is surprisingly good. The disagreement of the second
curve arises because the accuracy ǫ of the model measurement is well above 1
8
, which means
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Analysis χ ψ η LR
P lV 2.00± 0.08 0.00± 0.04 −3.0± 0.5 −0.148± 0.018
P qL = P
b
l −0.50± 0.04 0.50± 0.10 2.0± 0.3 −0.143± 0.037
P uR −1.00± 0.15 −1.00± 0.11 −1.00± 0.15 −6.0± 1.4
P dR = P
b
R 3.00± 0.24 −1.00± 0.21 0.50± 0.09 8.0± 1.9
ǫA 0.071± 0.005 0.121± 0.017 0.012± 0.003 0.255± 0.0016
Table 2.5 Values of the couplings (1.36) for typical models and statistical errors as determined
from probes at the NLC (
√
s = 500GeV, L = 20 fb−1, MZ′ = 1TeV ). 100% heavy flavour tagging
efficiency and 100% longitudinal polarization of the electron beam is assumed. The numbers are taken
from table 4 of reference [45].
that (2.65) is a bad approximation. In a similar way, the different scenarios of the other figures
in reference [139] are reproduced by the relation (2.65).
χ ψ η LR
P lV , no syst. err. 2.00± 0.11 0.00± 0.064 -3.00+0.53−0.85 -0.148+0.020−0.024
P lV , syst. err. included 2.00± 0.15 0.00± 0.13 -3.00+0.73−1.55 -0.148+0.023−0.026
P bL, no syst. err. -0.500± 0.018 0.500± 0.035 2.00+0.33−0.31 -0.143±0.033
P bL, syst. err. included -0.500± 0.070 0.500± 0.130 2.00+0.64−0.62 -0.143±0.066
P bR, no syst. err. 3.00
+0.15
−0.14 -1.00± 0.29 0.50± 0.11 8.0+2.5−1.5
P bR, syst. err. included 3.00
+0.65
−0.50 -1.00
+0.26
−0.34 0.50
+0.23
−0.22 8.0
+6.7
−2.4
Table 2.6 Z ′ coupling combinations P lV , P
b
L and P
b
R and their one–σ errors derived from all ob-
servables with and without systematic errors for
√
s=500GeV and MZ′=1TeV. This is table 5 of
reference [126].
The estimate (2.65) can be confronted with the measurements of model parameters quoted
in table 2.6. The influence of systematic errors is predicted by (2.65). For r = 1, as expected
for leptonic observables in reference [126], ∆P lV are predicted to relax by
√
2, which reproduces
the tendency in table 2.6. P bL given in table 2.6 is only measured by observables with b quarks
in the final state. It is therefore dominated by the systematic errors of b quark observables. In
reference [126], these systematic errors are roughly four times as large as the statistical errors.
According to the estimate (2.65), r = 4 should enlarge ∆P bL and ∆P
b
R by a factor
√
17. Indeed
this happens for some models in table 2.6.
To conclude, the systematic errors have a large influence on errors of model measurements.
Combining Measurements at several Energies The estimates obtained above for mea-
surements at one energy point can be generalized to measurements, which are distributed over
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Figure 2.14 Influence of luminosity, Z ′ mass, and systematic error on contours of Z ′bb¯ couplings.
A Z ′ in the χ model is assumed;
√
s = 500GeV . This is figure 3 of reference [139].
several energy points si with integrated luminosities Li. Observing that only the combination
sL enters all estimates, one can rescale all measurements to one energy s0 with the luminosity
L0 =
∑
i siLi/s0 and assume one measurement at s0 with L0.
A difference occurs, if one wants to use several energy points for a simultaneous measure-
ment of the Z ′ mass and the Z ′ couplings by a fit to the line shape as proposed in references
[140, 141]. Such a measurement was demonstrated historically for the SM Z boson at the
PEP and PETRA colliders. It demands measurements of high accuracy at several well sepa-
rated energy points. The luminosities Li should be chosen in such a way that the statistical
significance
∆Z
′
O/∆O ≈
√
siLi (2.67)
is about equal for the different energy points si.
Although the error of the simultaneous fit of MZ′ , v
′
l, a
′
l scales with the product sL like
the error of a fit to vNl , a
N
l , the prefactor is very different. One needs much more luminosity
to measure the couplings and the Z ′ mass separately compared to a measurement of vNf
and aNf only. Here is one example of the amount of sL needed for different experiments
(
√
s < Mχ = 1.6 TeV, 95% CL):
Detection: sL ≈ 0.7 TeV 2/fb
measurement of g22/M
2
Z′ or v
N
l , a
N
l with 15% error: sL ≈ 8 TeV 2/fb
measurement of g22 and M
2
Z′ separately with 15% error: sL ≈ 260TeV 2/fb
The first two numbers are obtained from table 2.4 using the scalings (2.53) and (2.62) with
r = 0, the third number is taken from reference [140].
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2.1.5 Z ′ measurements at s ≈M22
A precision measurement on top of the Z2 resonance in e
+e− or µ+µ− collisions would be
the best experiment to study the properties of an extra neutral gauge boson. See for example
[6, 142, 143, 144] for related studies. Such an experiment would have much in common with the
measurements at the Z1–peak at LEP1 and SLC, however, there are also important differences.
In the case of a non-zero ZZ ′ mixing, in addition to the decay Z2 → f f¯ other decay modes
such as Z2 →W+W− or Z2 → Z1H are allowed. Because there are no experimental hints for
a non-zero ZZ ′ mixing, we discuss the decay to W+W− in a different section. If Z2–decays to
exotic fermions are kinematically allowed, the number of observables at the Z2–peak is even
larger than that at the Z1–peak yielding important additional information on the breaking
scheme of the underlying GUT.
A second difference to the Z1–peak is the effect of beamstrahlung. The resulting energy
spread of the beams is expected to be between 0.6 and 2.5% for the discussed 500GeV e+e−
colliders and even larger for higher energies [145]. Some precision measurements would demand
an energy spread as low as 0.2% [146]. A precision scan of the Z2 peak is among these
measurements. Here, a µ+µ− collider would have clear advantages over an e+e− collider. In
µ+µ− collisions, the energy spread of the beams is naturally between 0.04 and 0.08% [67].
It is expected that it can be further reduced to 0.01% [67]. The absolute calibration of the
center–of–mass energy is expected to be of the same accuracy.
As in the previous cases, Z ′ measurements at the Z2 peak can also be made with or without
model assumptions.
2.1.5.1 Model independent Z ′ measurements
A model independent measurement on the Z2 resonance can be done generalizing the model
independent approach to the Z1 resonance [147, 148]. It has the advantage that no unknown
radiative corrections are needed. We follow here a notation close to reference [149], where
also a more extensive discussion and further references may be found. The ansatz for the four
helicity amplitudes is
Mfi(s) = e2s
√
4
3
[
Rfγ
s
+
RfiZ
s− m¯1 +
RfiZ′
s− m¯2 + F
fi(s)
]
, i = 0, 1, . . . , 3. (2.68)
F fi(s) is an analytic function without poles. In general, the expression (2.68) is not unique.
However, it makes sense, if the resonances are well separated. This is the case because we
have m1 ≪ m2 due to the present experimental constraints. The QED parameter Rfγ can
be measured at such a low energy that all other contributions are unimportant. Therefore,
a model independent fit to the Z1 resonance can be performed fixing the QED term. See
reference [148] for a first fit and [150] for recent experimental results. There are no hints for a
Z2 at the Z1 resonance. Therefore the fits to the Z1 resonance are independent of a possible
term of the Z2 pole. By the same scheme, a model independent fit of the Z2 resonance can be
performed with the amplitude (2.68) fixing the QED and the Z1 terms. Such a procedure is
as unique as are the present model independent fits to the Z1 resonance.
The complex constants Rfγ and R
fi
Z can be derived within a given theory to a certain order
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of perturbation series. At the Born level, we have
Rfγ = Q
eQf ,
Rf0Z = 4LeLf
g21
e2
, Rf1Z = 4LeRf
g21
e2
, Rf2Z = 4ReRf
g21
e2
, Rf3Z = 4ReLf
g21
e2
,
Rf0Z′ = 4L
′
eL
′
f
g22
e2
, Rf1Z′ = 4L
′
eR
′
f
g22
e2
, Rf2Z′ = 4R
′
eR
′
f
g22
e2
, Rf3Z′ = 4R
′
eL
′
f
g22
e2
. (2.69)
The complex mass m¯i = M¯
2
i − iM¯iΓ¯i is slightly different from the on-shell mass mi because it
contains a constant width defining the complex pole in the ansatz (2.68). If the vector boson
Zn can only decay into light fermion pairs, we have [42]
M¯n = Mn − Γ
2
n
2Mn
, Γ¯n = Γn − Γ
3
n
2M2n
. (2.70)
From the amplitude (2.68), total cross sections can be calculated by the standard procedure,
σfi =
1
2s
∫
|Mfi(s)|2dΓ = |Mfi(s)|2 1
(4π)2
π
s
. (2.71)
The four Born cross sections σf0T , σ
f0
FB, σ
f0
LR and σ
f0
pol introduced in (2.10) and (2.11) are obtained
by linear combinations of σfi ,
σfT = +σ
f
0 + σ
f
1 + σ
f
2 + σ
f
3 ,
4
3
σfFB = +σ
f
0 − σf1 + σf2 − σf3 ,
σfLR = −σf0 − σf1 + σf2 + σf3 ,
σfpol = −σf0 + σf1 + σf2 − σf3 . (2.72)
Combining equations (2.71) and (2.68), one arrives at a model independent formula for
cross sections,
σf0A (s) ≈
4πα2
3
[
rγfA
s
+
srfA + (s− M¯21 )jfA
|s− m¯21|2
+
sr′fA + (s− M¯22 )j′fA
|s− m¯22|2
]
, A = T, FB, LR, pol.
(2.73)
In formula (2.73), the functions F fi(s) and terms without poles are neglected for simplicity.
At the Born level, the SM coefficients are [148]
rγfA =
1
4
Nf
3∑
i=0
[±1]|Rfγ |2,
rfA = Nf
{
1
4
3∑
i=0
[±1]
∣∣∣RfiZ ∣∣∣2 + 2 Γ¯1M¯1ℑmC
f
A
}
,
jfA = Nf
{
2ℜeCfA − 2
Γ¯1
M¯1
ℑmCfA
}
,
CfA =
1
4
(Rfγ)
∗
3∑
i=0
[±1]RfiZ . (2.74)
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The signs [±1] are the same as the cross sections σfA in equation (2.72). The parameters of
the Z2 peak are
r′fA = Nf
{
1
4
3∑
i=0
[±1]
∣∣∣RfiZ′
∣∣∣2 + 2 Γ¯2
M¯2
ℑm(C ′fA − C ′′fA )
}
,
j′fA = Nf
{
2ℜeC ′fA − 2
Γ¯2
M¯2
ℑmC ′fA + 2
(
1− M¯
2
1
M¯22
)
ℜeC ′′fA + 2
Γ¯2
M¯2
ℑmC ′′fA
}
,
C ′fA =
1
4
(Rfγ)
∗
3∑
i=0
[±1]RfiZ′ ,
C ′′fA =
1
4
3∑
i=0
[±1]RfiZ (RfiZ′)∗. (2.75)
M1/M2 is a small parameter because the Z1 and Z2 peaks are well separated. We therefore
neglected terms of the order M31 /M
3
2 , M1Γ1/M
2
2 or smaller. This keeps the formulae (2.75)
relatively simple.
Before the formula (2.73) can be used for fits to data, QED (and QCD) corrections must
be taken into account [148]. Initial state corrections can be calculated by the convolution
(2.21). Final state radiation and the interference between initial and final state radiation can
be included by a different convolution [148]. However, these corrections don’t change the pole
structure. Therefore, they could be absorbed into effective coefficients (2.74) and (2.75).
2.1.5.2 Model dependent Z ′ measurements
Z2 measurements at the Z2 peak are precision measurements. They require radiative correc-
tions. Unfortunately, these corrections depend on all the parameters of the whole theory. If
these are poorly known, theoretical uncertainties arise. This is similar to LEP1 and SLC
where theoretical errors of the radiative corrections at the Z1 peak arise through the unknown
Higgs mass and through the experimental errors of the top– and the W mass. At a Z2 peak,
the situation is much more uncertain. Today it is not known whether a Z2 exists at all. It
is even more speculative to predict the underlying gauge group. If it is known, one would
still need some idea about the breaking scheme, the particle content and particle masses to
calculate radiative corrections. We have shown in the previous sections that some information
can be obtained by future experiments below the Z2 peak.
Because of the difficulties mentioned above, we have to constrain ourselves to general
conclusions and estimates in the Born approximation. The cross section at the resonance
peak can be expressed through branching ratios,
σT (e
+e− → f f¯) ≈ σfT (M22 ;Z2, Z2) =
12π
M22
Γe2
Γ2
Γf2
Γ2
=
12π
M22
Bre2Br
f
2 . (2.76)
For a Z2 originating in usual GUT’s, one expects millions of muon pairs and tens of millions
of hadron pairs per year from Z2 decays at the proposed electron or muon colliders. This
is similar to the situation at LEP1 and SLC. The systematic errors at future colliders are
expected to be at the same level as at LEP1 of SLC. Therefore, it can be expected that the
Z2 couplings to fermions could be measured with a similar precision as the Z1 couplings.
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The measurements of Z2 couplings constrain the ZZ
′ mixing angle. The constraints from
the Z2 peak are expected to be stronger than those from the Z1 peak because in a GUT the
couplings of the Z1 to fermions are in general larger than the couplings of the Z2 to fermions.
A sensitivity to θM ≈ 10−4 is derived in reference [143].
The measurements of Z2 couplings constrain parameters of the GUT. In a naive estimate,
one would expect an accuracy of a measurement of cosβ of an E6 GUT comparable to the
accuracy of the sin2 θW measurement at the Z1 peak.
The measurement of M2 and Γ2 is limited by the beam energy spread and by the error of
the energy calibration ∆
√
s; ∆M2, ∆Γ2 > ∆
√
s.
2.1.5.3 Limit on g2
The best limit one can put on a weakly interacting Z ′ is obtained for M2 =
√
s. The cross
section at the Z2 peak (2.76) is independent of the ratio g2/g1. The sensitivity to g2/g1 is
limited at an e+e− collider because it has a finite beam energy spread ∆
√
s/
√
s. Only cross
sections of e+e− pairs with
√
s = M2 ± Γ2 are enhanced. The observed number of Z2 events
can be approximated for ∆
√
s > Γ2,
NZ
′
ff ≈ L
Γ2
M2
√
s
∆
√
s
σ0T (M
2
2 ;Z
′, Z ′) ≈ g
2
2
g21
L
Γ1
M1
√
s
∆
√
s
12π
M22
Bre2Br
f
2 . (2.77)
In the last step of the approximation, we assumed
Γ2
M2
≈ g
2
2Γ1
g21M1
. (2.78)
A Z ′ produces a signal of nσ standard deviations if
NZ
′
ff = nσ
√
NSMff = nσ
√
LσfT (M
2
2 ). (2.79)
An estimate for glim2 can now be obtained from equation (2.77),
glim2 ≈ g1
√
nσ
[
∆
√
s√
s
M1
Γ1
1
12πBre2Br
f
2
]1/2 [
σf0T (M
2
2 )M
4
2
L
]1/4
. (2.80)
Assuming
∆
√
s/
√
s = 1%, Bre2 = Br
µ
2 = 3.36%, L = 80 fb
−1, and M2 = 1TeV, (2.81)
we get glim2 ≈ g1/140 with 95% confidence (nσ = 2) for the reaction e+e− → µ+µ−.
2.1.6 Z ′ limits at s > M22
Above the Z2 resonance, the sensitivity to ZZ
′ mixing is much lower than on the resonance.
We therefore neglect the mixing identifying the Z1 and Z2 with the Z and Z
′.
Suppose that a Z ′ was missed below its resonance because it has very weak couplings. The
question we want to discuss here is, for which coupling strengths is it possible to detect such
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a Z ′ above its resonance. If the couplings to all fermions are very small, the Z ′ eventually
escapes detection. A vector boson, which couples to quarks only, can still have quite large
couplings and be consistent with the present data. See reference [151] for a discussion of this
point and for further references and [152] for bounds on such a Z ′ from different experiments.
It turns out that the error of the photon energy measurement ∆Eγ/Eγ is an important
input of the bounds because they arise from events with a fermion pair and one hard photon
in the final state. At a µ+µ− collider, this parameter limits the constraints. However, as
mentioned in the previous section, the proposed e+e− colliders suffer from a large beam energy
spread ∆
√
s/
√
s. Then, the error of the photon energy ∆Eγ in the estimates has to be replaced
by ∆Eγ +∆
√
s.
2.1.6.1 Model independent limits on g2
Starting from relation (2.51), an upper bound glim2 on the coupling strength g2 of the Z
′ to
SM fermions can be derived,
glim2 ≈ g1
√
∆O
O
· s−M
2
Z′
s
. (2.82)
It follows that a one percent cross section measurement of the reaction e+e− → f f¯ can exclude
models with g2 > g1/7 at 95% confidence for all MZ′ <
√
s.
The sensitivity to a Z ′ is considerably larger than (2.82) if one considers the photon energy
spectrum of the reaction e+e− → f f¯γ. As discussed in section 2.1.2.1 and shown in figure
2.2, the spectrum of the photons radiated from the initial state has sharp peaks for energies
which set the f f¯ subsystem back to the resonance. The energy Eγ = ∆ ·Ebeam of the photons
responsible for the radiative tail is distributed in the narrow range ∆+ < ∆ < ∆− with
∆± = 1 −M2Z′/s ±MZ′ΓZ′/s. The number of events with these photons can be estimated
from the magnitude of the radiative tail (2.27),
NZ
′
γ ≈ LσT (s;Z ′, Z ′)βe
π
2
MZ′
ΓZ′
≈ g
2
2
g21
LσT (s;Z,Z)βe
π
2
MZ
ΓZ
. (2.83)
In the last step of approximation (2.83), we used the estimate (2.78) and
σT (s;Z
′, Z ′)
σT (s;Z,Z)
≈ g
4
2
g41
. (2.84)
Of course, these approximations can be improved if more details of the model are known.
The SM background also contributes photons to the interval (∆−,∆+). The number of
these events can be estimated by the convolution (2.21),
NSMγ = L
[
σISRT (s)− σ0T (s)
]
= L
∫ ∆+
∆−
dv σ0T
(
s(1− v)
)
HeA(v) ≈ Lσ0T (s)
βe(∆
+ −∆−)
∆∗(1−∆∗) .
(2.85)
∆∗ is some value between ∆− and ∆+. We assumed that σ0T (s) ∼ 1/s for energies between
1/s and 1/[s(1−∆∗)]. The estimate (2.85) can be compared with the SM result in figure 2.2.
It gives a satisfactory prediction away from resonances.
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The ratio of the Z ′ signal and the SM background for photon energies between ∆− and
∆+ can now be estimated as
NZ
′
γ
NSMγ
≈ π
4
M2Z
Γ2Z
σ0T (s;Z,Z)
σ0T (s)
(
1− M
2
Z′
s
)
. (2.86)
Again, the approximation (2.78) is used. Note that the ratio (2.86) is independent of g2/g1.
Numerically, we get NZ
′
γ /N
SM
γ ≈ 40 for
σµT (1 TeV
2) and Mη = 800GeV. (2.87)
This estimate is in a good agreement with figure 2.2.
To detect the Z ′ signal, two additional conditions must be fulfilled. The luminosity must
be high enough to produce a reasonable number of events and the error of the photon energy
∆Eγ/Eγ must be small enough to detect the signal above the background.
Let us first assume an arbitrarily good photon energy resolution. Assume that the events
are Poisson distributed. Then, zero observed events exclude all theories with 95% confidence,
which predict NZ
′
γ ≥ 3. This can be interpreted as a limit glim2 on g2,
glim2 = g1
[
NZ
′
γ
NSMff
σ0T (s)
σ0T (s;Z,Z)
2
πβe
ΓZ
MZ
]1/2
. (2.88)
NSMff is the number of fermion pairs expected in the Born approximation as defined in equation
(2.79). The estimate (2.88) gives the best bound on g2, which could be reached with a
given luminosity in the reaction e+e− → f f¯γ. Numerically, we get glim2 ≈ g1/45 under the
assumptions (2.87) and
L = 80 fb−1 and NZ
′
γ = 3. (2.89)
Unfortunately, the energy resolution ∆Eγ/Eγ ≈ 0.1/
√
Eγ/GeV of real detectors is finite
[153]. As a result, all photons with energies ∆ = (1−M2Z′/s)(1±∆Eγ/Eγ) are observed in the
experiment. For the expected luminosities at future colliders, there are photons NSMγ from the
background even in the narrowest bin of the photon energy. Numerically, we get NSMγ ≈ 30
from the estimate (2.85) under the assumptions (2.87), (2.89) and ∆Eγ/Eγ = 1%, which is
in good agreement with figure 2.2. With such an event number, we can assume Gaussian
statistics in our estimates. One expects a nσ − σ signal for theories predicting
NZ
′
γ = nσ
√
NSMγ . (2.90)
The resulting expression for glim2 can easily be derived from equations (2.90), (2.85) and (2.83),
glim2 = g1cr
[
8
π2βe
Γ2Z
M2Z
]1/4
≈ g1 · 0.266cr, cr =
[
∆Eγ
Eγ
1
NSMff
]1/4 [
nσ
σ0T (s)
σ0T (s;Z,Z)
√
s
MZ′
]1/2
.
(2.91)
Numerically, we get glim2 ≈ g1/24 with 95% confidence (nσ = 2) under the same conditions as
before and a photon energy resolution of 1% and
√
s/MZ′ ≈ 1.
As we see, the consideration of fermion pair events with one additional hard photon gives
a considerable improvement of glim2 obtained from off–resonance fermion pair production.
60
Present upper bounds on g2 from fermion pair production without additional photons are
displayed in figure 2.11. Fermion pair events accompanied with hard photons are investigated
at LEP [154]. This allows to reconstruct cross sections and asymmetries of e+e− → µ+µ− for
energies lower than
√
s.
2.1.6.2 Measurements of MZ′
If a Z ′ signal with M2Z′ < s is found, the Z
′ mass can be measured,
MZ′ =
√√√√s
(
1− E
peak
γ
Ebeam
)
,
∆MZ′
MZ′
=
∆Eγ
2Eγ
(
s
M2Z′
− 1
)
. (2.92)
We exploited formula (2.29) in the derivation of this estimate. Epeakγ is the photon energy of
the hard photons from the radiative return. Using the knowledge of MZ′ , one can tune the
energy to the resonance and perform precision measurements there.
2.2 Z ′ search in e+e− → e+e− and e−e− → e−e−
Bhabha and Møller scattering can probe the Z ′ couplings to electrons only. While Bhabha
events serve as additional observables in e+e− collisions, Møller scattering requires the e−e−
option of a linear collider.
Although the luminosity of e−e− collisions is expected to be smaller than that of e+e−
collisions because of the anti-pinch effect, Møller scattering has the advantage of two polarized
beams and of a cleaner environment.
Early Z ′ analyses can be found in references [155, 156, 157] for Bhabha scattering and in
reference [157] for Møller scattering.
2.2.1 Born Approximation
2.2.1.1 Amplitude
In Bhabha (Møller) scattering, electrons and positrons (only electrons) appear in the final
state. The neutral gauge bosons are exchanged in the s and t (t and u) channels. The
resulting angular distributions are very singular for small scattering angles. Møller scattering
has a symmetrical angular distribution. The angular distribution of Bhabha scattering is
peaked in the forward direction.
Considerations similar to fermion pair production in section 2.1.1 show that these reactions
can constrain only the model independent parameters aNe and v
N
e . As off–resonance fermion
pair production, they are rather insensitive to ZZ ′ mixing. We therefore neglect the mixing
angle putting θM = 0.
2.2.1.2 Cross section
The Born cross section of Bhabha scattering including the Z ′ exchange is, following the notation
of reference [158],
dσ
dc
=
πα2
2s
(
f0 + (λ+ − λ−)f1 + λ+λ−f2
)
(2.93)
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with
f0 = (1 + c
2) ·G1(s, s) + 2c ·G3(s, s)− 2(1 + c)
2
1− c · [G1(s, t) +G3(s, t)]
+2
(1 + c)2 + 4
(1− c)2 ·G1(t, t) + 2
(1 + c)2 − 4
(1− c)2 ·G3(t, t),
f1 = (1 + c)
2H(s, s)− 4(1 + c)
2
1− c H(s, t) + 4
(1 + c)2
(1− c)2H(t, t),
f2 = −f0 + 16
(1− c)2 [G1(t, t)−G3(t, t)] (2.94)
and
G1(s, t) = ℜe
N∑
m,n=0
χm(s)χ
∗
n(t)
[
ve(m)ve(n)
∗ + ae(m)ae(n)
∗
]2
,
G3(s, t) = ℜe
N∑
m,n=0
χm(s)χ
∗
n(t)
[
ve(m)ae(n)
∗ + ae(m)ve(n)
∗
]2
,
H(s, t) = ℜe
N∑
m,n=0
χm(s)χ
∗
n(t)
[
ve(m)ve(n)
∗ + ae(m)ae(n)
∗
] [
ve(m)ae(n)
∗ + ae(m)ve(n)
∗
]
with t = −s
2
(1− c). (2.95)
The summation runs over the exchanged gauge bosons. See section 2.1.1 for further definitions.
The Born cross section of Møller scattering including the Z ′ exchange is [121],
dσ
dc
=
16πα2
s
N∑
m,n=0
g2ng
2
m
(4πα)2
(µ2m − c2)(µ∗2n − c2){
4λ1(R
2
mR
∗2
n + L
2
mL
∗2
n )µmµ
∗
n + 4λ2(R
2
mR
∗2
n − L2mL∗2n )µmµ∗n
+λ3RmLmR
∗
nL
∗
n
[
µmµ
∗
n + (1 + µmµ
∗
n + 2µm + 2µ
∗
n)c
2 + c4
]}
(2.96)
with
µn = 1 + 2
m2n
s
and λ3 = 1 + λ+λ−. (2.97)
Again, the summation runs over the exchanged gauge bosons. Rm and Lm denote the left-
and right handed couplings to electrons, Lm = Le(m), Rm = Re(m). Further definitions can
be found in section 2.1.1.
Alternatively to formulae (2.95) and (2.96), the Z ′ contributions can be included by form
factors as explained in section 1.4.
2.2.1.3 Observables
Consider first Bhabha scattering. Only contributions proportional to f0 can be measured with
unpolarized beams. With polarized electrons, one can measure the left-right asymmetry,
ALR(c) =
dσL − dσR
dσL + dσR
. (2.98)
62
It is sensitive to contributions proportional to f1. Two polarized beams allow a measurement
of the asymmetry [155],
A2L(c) =
dσLL − dσRR
dσLL + dσRR
. (2.99)
It is sensitive to contributions proportional to f2. This is different from fermion pair production
and W pair production where two polarized beams give no new information compared to
electron polarization only.
LEP2 has naturally transverse beam polarization. Then, transverse asymmetries [155] can
be considered,
AφT (c) =
dσφ − dσφ+π/2
dσφ + dσφ+π/2
with
dσφ
dc
=
∫ φ+π/4
φ−π/4
dσ
dφdc
dφ. (2.100)
In contrast to Bhabha scattering, it is sure that in Møller scattering both electron beams
can be highly polarized. With two polarized beams, one can measure several angular distri-
butions [121],
1
σ
dσ
dc
,
1
σLL
dσLL
dc
,
1
σRR
dσRR
dc
,
1
σLR
dσLR
dc
, (2.101)
which are all linear combinations of the three contributions (2.96) proportional to λ1, λ2 and
λ3.
In fixed target Møller scattering, the left–right asymmetry
ALR(e
−e− → e−e−) = σL − σR
σL + σR
=
GµQ
2
√
2πα
1− y
1 + y4 + (1− y)4 (1− 4s
2
W )
with Q2 = y(2m2e + 2meEbeam)fixed Target y = −
(p′ − p)2
(p′ + p)2
(2.102)
is of special interest. It can be measured with very high precision in future experiments [159].
The last sequence in equation (2.102) is valid [160] in the limit
√
s ≪ M2Z . p(p′) are the
energy–momenta of one initial (final) electron.
2.2.2 Radiative Corrections
The generalization of the SM radiative corrections to s–channel Z ′ exchange is discussed in
section 2.1.2. No essential new problems arise due to the Z ′ exchange in the t or u channel.
We therefore limit ourselves to give the main references to the SM processes.
QED corrections to SM Bhabha scattering can be found, for example, in [161, 162]. QED
corrections are universal allowing a generalization of the SM result to the whole process in-
cluding additional Z ′ contributions. See references [158, 162, 163, 164] for results of weak
corrections. Weak corrections together with ZZ ′ mixing could be taken into account as in the
case of fermion pair production by the replacements (2.30) and (2.31) of the couplings. In
reference [165] one finds the needed formulae. However, such a replacement is not necessary
in Bhabha and Møller scattering because these reactions are as insensitive to ZZ ′ mixing as
off–resonance fermion pair production.
QED corrections to Møller scattering are calculated in reference [166], while the electroweak
corrections to ALR are calculated in reference [160]. QED initial state corrections can be taken
into account [167] by the structure function approach [81].
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QCD corrections to both processes enter as virtual corrections at one loop as described in
references [160, 164].
2.2.3 Z ′ Constraints
2.2.3.1 Model independent constraints on vNe and a
N
e
Estimate In contrast to fermion pair production, the total cross section and simple asym-
metries are not very sensitive to a Z ′. The best sensitivity is achieved by fits to angular distri-
butions of polarized cross sections. For Møller scattering, the Cramer-Rao minimum variance
bound [120] is given in the second reference of [121] in the limit M2Z ≪ s ≪ M2Z′, sW = 1/4.
We have in our notation,
χ2∞ ≈ 256π
L
s
[
(RNe )
4 + (LNe )
4
]
= 32π
L
s
[
(vNe )
4 + 6(vNe a
N
e )
2 + (aNe )
4
]
. (2.103)
This bound corresponds to the sensitivity of an experiment with an infinite number of angular
bins and no systematic errors. It can be compared with the constraints (2.47) and (2.48)
obtained for different observables in fermion pair production.
In particular, the estimate (2.103) predicts the widths of the bands in the R′e, L
′
e plane
allowed by left- and right handed electron scattering alone,
|RNe |, |LNe | <
[
χ2∞s
256πL
]1/4
. (2.104)
Future Constraints Model independent Z ′ limits fromMøller scattering are studied in [121]
at the Born level. Figure 2.15 shows the regions of Z ′ couplings to electrons, which could be ex-
cluded. L′ and R′ in figure 2.15 are related to our conventions as L′ = 2R′eg2/e, R
′ = 2L′eg2/e.
R′ and L′ are restricted independently in experiments with both beams right handed or both
beams left handed polarized. The estimate (2.104) is in good agreement with figure 2.15. For
one left and one right handed beam, one is sensitive to Z ′ models where the combination R′L′
exceeds a certain value. This property can immediately be read off from the cross section
(2.96). The allowed region for unpolarized beams is also shown in figure 2.15. The distribu-
tions of two left-handed or two right-handed scattered electrons contain almost all information
on a Z ′. In contrast to fermion pair production, polarized beams give important improvements
already to the Z ′ exclusion limits.
The exclusion limits from Møller scattering are compared with those from Bhabha scat-
tering and fermion pair production in figure 2.16. We have vZ′ = 2v
′
eg2/e, aZ′ = 2a
′
eg2/e in
our conventions. Under the assumptions made in [167], Møller scattering gives the best Z ′
constraints to the model independent Z ′ exclusion limits. After the inclusion of observables
with electrons and τ ’s in the final state, the exclusion limits of Møller scattering and fermion
pair production become comparable. The exclusion limits of Bhabha scattering would improve
with polarized positron beams.
The influence of systematic errors due to the polarization error, the angular resolution and
the luminosity error on Z ′ exclusion limits are studied in reference [167].
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s = 500GeV , L =
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results are obtained by collecting events with
|c| < 0.985 in 10 equal bins. This is figure 1
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e
 
e
 
! e
 
e
 
e
+
e
 
! e
+
e
 
e
+
e
 
! 
+

 
v
Z
0
a
Z
0
0.40.20-0.2-0.4
0.4
0.2
0
-0.2
-0.4
Figure 2.16 Exclusion limits (95% CL) from
fermion pair production, Bhabha and Møller
scattering for the couplings of the Z ′ to lep-
tons including systematic errors. The numer-
ical input is
√
s = 500GeV, L = 50 fb−1(L =
25 fb−1) for e+e−(e−e−) scattering. The elec-
tron polarization is Pe = 90%, ∆Pe/Pe =
1%, ∆L/L = 0.5%, | cos θ| < 0.985, ∆θ =
10mrad. Ten equal bins in cos θ are chosen.
This is figure 5 from reference [167].
Z ′ limits can also be obtained from e−µ− scattering [169]. Assuming generation universal-
ity, this reaction constrains the same parameter combination as Møller– or Bhabha scattering.
The exchange of neutral gauge bosons in e−µ− scattering is possible only in the t channel.
However, it seems to be much more difficult to create a highly polarized muon beam of high
luminosity then an electron beam with the same properties.
2.2.3.2 Model dependent constraints on MZ′
Estimate An estimate of Z ′ limits from Bhabha and Møller scattering can be obtained by
considerations similar to those which lead to the estimate (2.51). The observable O is now
the relative number of events in a certain angular bin. Comparing the shift ∆Z
′
O due to a Z ′
with the SM prediction OSM , one gets
∆Z
′
O
OSM
≈ g
2
2
g21
|ℜe{χ2χ0}|
|χ0|2 =
g22
g21
t
t−M2Z′
. (2.105)
It follows that
MZ′ < M
lim
Z′ =
√
s · 1− c
2
(
1 +
g21
g22
O
∆O
)1/2
=
√
s · 1− c
2
(
1 +
1
∆o
)1/2
(2.106)
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Figure 2.17 Contours of resolvability at 95% confidence of the Z ′ couplings around several possible
true values marked with a ‘+’. The assumptions are
√
s = 0.5TeV , L = 40(20) fb−1 for e+e−(e−e−)
collisions. Ten bins in the scattering angle between 10◦ and 170◦ are used. The Z ′ mass is 2TeV.
This is figure 5 from the third reference of [121].
produces a signal in the observable O. A similar estimate of M limZ′ can be derived from the
constraint (2.103).
Comparing the estimates (2.106) and (2.51), we conclude that the Z ′ mass limits from
Bhabha and Møller scattering could be competitive to e+e− → f f¯ with leptons in the final
state only. For completely specified models where the annihilation into quarks contributes to
M limZ′ , the mass exclusion limit from fermion pair production is better.
Future Constraints Future constraints on MZ′ can be obtained from figures 2.15 and 2.16
using the scaling (2.52). The limits from Møller scattering are better than those from e+e− →
µ+µ− and e+e− → e+e−. However, e+e− → f f¯ gives better limits on MZ′ if observables with
quarks in the final state are included.
A measurement of ALR (2.102) in a fixed target experiment at SLAC is expected to have
the precision ∆ALR = 1.4 · 10−8, while the SM prediction is ALR = 1.8 · 10−7 [160]. A Z ′ from
the E6 group (1.41) would multiply ALR by the factor [168]
1 + 7
M2Z
M2Z′

cos2 β +
√
5
3
sin β cosβ

 . (2.107)
Therefore, the experiment is sensitive to Mχ < 870GeV .
2.2.3.3 Errors of model measurements
The error of a Z ′ model measurement in Bhabha and Møller scattering is given by the estimates
(2.62) and (2.63). Of course, these reactions can only constrain observables involving the Z ′
couplings to electrons.
Figure 2.17 shows the result of a corresponding analysis. Fermion pair production and
Møller scattering are complementary in a model measurement. Fermion pair production re-
moves a sign ambiguity present in the measurements of Møller scattering.
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2.3 Z ′ search in e+e− →W+W−
The symmetry eigenstate Z ′ does not couple to theW pair due to the SU(2)L gauge symmetry.
The process e+e− → W+W− is sensitive to a Z ′ only in the case of a non-zero ZZ ′ mixing.
The individual interferences of W pair production rise proportional to s in the limit of large
center–of–mass energies
√
s. In the SM, the sum of all interferences scales like ln s/s in the
limit of large s due to a delicate gauge cancellation. In the case of a non-zero ZZ ′ mixing, the
couplings of the Z1 differ from the SM predictions for the Z. Then, the gauge cancellation
present in the SM is destroyed. The result is a huge magnification of new physics effects at
large energies. Unitarity is restored at energies s≫ M22 independently of details of the large
gauge group.
Similar to the reaction e+e− → f f¯ , it is useful to distinguish different cases,
case 1: s < M22 ,
case 2: s ≈M22 ,
case 3: s > M22 , (2.108)
where s ≈M22 means (M2 − Γ2)2 < s < (M2 + Γ2)2.
Case 1 gives stringent exclusion limits on ZZ ′ mixing.
Case 2 allows the best exclusion limit or the most accurate measurement of the ZZ ′ mixing
angle if a Z ′ exists.
Case 3 cannot add new information compared to the cases 1 and 2.
We assume here no mixing of the SMW bosons with extra charged gauge bosons. Further-
more, we neglect a possible mixing between SM fermions and exotic fermions. These effects
are considered, for example, in reference [170]. A measurement of theW polarization would be
very useful to separate ZZ ′ and lepton mixing effects [125] and for a simultaneous constraint
of many anomalous couplings [171, 172].
An early analysis of Z ′ effects in W pair production can be found in [173].
2.3.1 Born Approximation
2.3.1.1 Amplitude
Following reference [93], we write the amplitude asM =Mt+Ms, where the s and t channel
contributions including a Z ′ are
Mλ−t =
λ− − 1
4tνs2W
× T λ−(s, c), (2.109)
Mλ−s =

−gWWγe
s
+
gWWZ1g1
[
ve(1)− λ−ae(1)
]
s−M21
+
gWWZ2g2
[
ve(2)− λ−ae(2)
]
s−M22

× Gλ−(s, c).
λ−(= −λ+) = ±1 is the electron (positron) helicity as defined in section 2.1.1,
√
s is the
total center–of–mass energy of the e+e− pair, c = cos θ where θ is the angle between the W+
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and the positron and the invariant tν is defined in equation (2.120). The extra neutral gauge
boson changes only the s channel amplitude. The functions T λ−(s, c) and Gλ−(s, c) are not
important in the following discussion. They are the same as in the SM and can be found, for
example, in reference [171].
The amplitude of W pair production is linear in the Z2 couplings to the electron. This
makes the W pair production sensitive to the absolute sign of these couplings. Their mea-
surement can remove the sign ambiguity present in fermion pair production where the Z2
couplings to fermions always appear in pairs.
The coupling constants of the interactions between three gauge bosons are
gWWγ = e, gWWZ1 = e
cW
sW
cM , gWWZ2 = e
cW
sW
sM . (2.110)
The contribution of the extra neutral gauge boson can be absorbed in two s–dependent
anomalous couplings [174],
g∗WWγ = e(1 + δγ) and g
∗
WWZ1
= e(cot θW + δZ). (2.111)
The s channel amplitude including a Z ′ is then
Mλ−s =

−g∗WWγe
s
+
g∗WWZ1g1
[
ve − λ−ae
]
s−M21

× Gλ−(s, θ), (2.112)
where δγ and δZ contain contributions due to the Z2 exchange and due to the ZZ
′ mixing in
the Z1 exchange [93],
δγ =
cW
sW
cM
veg1
e
(
ae(1)
ae
− ve(1)
ve
)
χˆ1 +
cW
sW
sM
veg2
e
(
ae(2)
ae
− ve(2)
ve
)
χˆ2,
δZ = −cW
sW
+
cW
sW
cM
ae(1)
ae
χˆ1
χˆZ
+
cW
sW
sM
g2ae(2)
g1ae
χˆ2
χˆZ
, (2.113)
and
χˆn =
s
s−m2n
, n = Z, 1, 2. (2.114)
Because W pair production is studied sufficiently far away from the Z1 peak, we can neglect
the Z and Z1 widths putting mZ = MZ and m1 = M1. We know from present measurements
[92] that MZ −M1 < 150MeV . This allows the approximation
χˆ1
χˆZ
≈ 1− 2MZ(MZ −M1)
s−M2Z
≈ 1. (2.115)
The expressions for δγ and δZ can then be written as
δγ =
cW
sW
ve
e
(
aMe
ae
− v
M
e
ve
)(
1− χˆ2
χˆZ
)
χˆZ , δZ =
cW
sW
aMe
g1ae
(
1− χˆ2
χˆZ
)
, (2.116)
where vMe and a
M
e are defined in equation (2.4). The terms proportional to χˆ2 dominate in
the case s ≈ M22 but can be neglected in the case s ≪ M22 . Relation (2.116) shows that
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measurements of W pair production below the Z2 peak constrain the same combinations
aMe , v
M
e as do measurements of fermion pair production on the Z1 resonance.
Experimental constraints on the anomalous couplings g∗WWγ and g
∗
WWZ1
bound the param-
eters δγ and δZ in a model independent way. Constraints on δγ and δZ can be interpreted as
a constraint to the combinations of Z ′ parameters given in equation (2.113). Far below the
Z2 resonance, the Z2 mass, the ZZ
′ mixing angle and the Z ′ couplings to fermions cannot be
constrained separately.
2.3.1.2 Cross section
The Born cross section with N exchanged gauge bosons is, following the notation of reference
[175],
dσλ−λ+
dc
=
√
λ
πs2s1s2


N∑
m,n=0
ℜe
{
e4
s2
χ˜m(s)χ˜
∗
n(s)CT (initial fermions)
}
G33CC3
+
N∑
n=0
ℜe
{
e2(g12cW )
2
8s
χ˜∗n(s) [v
∗
e(n) + a
∗
e(n)]
}
G3fCC3(λ1 + λ2)
+
(g12cW )
4
32
GffCC3(λ1 + λ2)
}
(2.117)
with
λ = (s− s1 − s2)2 − 4s1s2 and χ˜n(s) = gngWWZn
4πα
s
s−m2n
. (2.118)
The definition of the propagator χ˜n(s) is slightly different from (2.7) to absorb the coupling
constants from one triple gauge boson vertex and from one gauge boson-fermion vertex. The
invariant masses squared s1 and s2 of the two W ’s are equal toM
2
W for on-shell W production.
The definitions of CT (initial fermions) and of the helicity combinations λ1, λ2 are the same as
introduced in section 2.1.1.
The kinematic G–functions are [175, 176],
G33CC3(s; s1, s2; c) =
1
32
[λC1 + 12s1s2C2] ,
G3fCC3(s; s1, s2; c) =
1
8
[
(s− s1 − s2)C1 − 4s1s2[s(s1 + s2)− C2
tν
]
,
GffCC3(s; s1, s2; c) =
1
8
[
C1 +
4s1s2C2
t2ν
]
(2.119)
with
C1 = 2s(s1 + s2) + C2, C2 =
λ
4
(1− c2), tν = 1
2
(
s− s1 − s2 − c
√
λ
)
. (2.120)
The notation used in equations (2.117)-(2.120) allows a generalization to off–shell W pair
production and the inclusion of other 4-fermion background diagrams [175].
In the case where the helicities τ+(τ−) of the W+(W−) can be measured, the cross sections
dσ
λ
−
λ+
τ+τ−
dc
should be considered. A corresponding analysis for on-shellW production can be found
in references [125, 172].
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2.3.1.3 Observables
Our starting point for the construction of observables are the differential cross sections
dσ
λ
−
λ+
τ+τ−
dc
.
They allow for the measurement of total cross sections and asymmetries [177, 178],
σ
λ−λ+
T =
∫ +1
−1
dc
dσλ−λ+
dc
,
σ
λ−λ+
T A
λ−λ+
FB =
∫ 1
0
dc
dσλ−λ+
dc
−
∫ 0
−1
dc
dσλ−λ+
dc
,
σTALR = σ
λ−=−1
T − σλ−=1T ≡ σ−T − σ+T
σTALR,FB =
∫ 1
0
dc
dσ−
dc
−
∫ 0
−1
dc
dσ−
dc
−
∫ 1
0
dc
dσ+
dc
+
∫ 0
−1
dc
dσ+
dc
,
σ
λ−λ+
T A
λ−λ+
CE (z) =
∫ z
−z
dc
dσλ−λ+
dc
−
∫ 1
z
dc
dσλ−λ+
dc
−
∫ −z
−1
dc
dσλ−λ+
dc
. (2.121)
We omit the indices numbering the polarizations of the W ’s to simplify the notation. The
observables defined above can be understood as summed over theW polarizations or as written
for fixed W polarizations. As in the reaction e+e− → f f¯ , the helicities λ± = −(+)1 stand
for a left (right) handed electron or positron. Missing polarization indices of the electrons or
positrons mean the average over initial polarizations.
A real detector cannot measure from c = −1 to c = 1. The correction for this effect can
be trivially taken into account in the observables (2.121). Furthermore, an integration over
only a part of the range of c is sometimes recommended to obtain maximum sensitivity to
new physics as pointed out in the second reference of [143].
The unpolarized cross section is dominated by the scattering of left-handed electrons,
σT ≈ 14σ−+T . The cross section of right handed electrons excludes the neutrino exchange giving
a cross section, which is symmetric in the scattering angle. This induces a relation [177]
between two observables, ALR,FB = AFB. Cross sections with two left handed or two right
handed beams are zero.
In the LEP2 storage ring, the electrons and positrons have naturally transverse polariza-
tion. The asimutal asymmetry AT is then an interesting alternative observable [172],
d(σTAT )
dc
= 2
∫ 2π
0
dφW
d2σ
dcdφW
cos(2φW ). (2.122)
The W is an unstable particle, which can only be identified through its decay products. A
hadronic W decay allows a measurement of the W ’s energy-momentum but not an identifica-
tion of its charge. A leptonic W decay allows a charge identification but not a measurement of
the energy-momentum because a part of it is carried away by the neutrino. If one W decays
leptonically and one W decays hadronically, the most complete information about both W ’s
can be extracted. Only a part of the produced W ’s can be reconstructed in the detector
leading to an effective reduction of the luminosity.
If the W polarization can be measured, a more detailed analysis is possible. For details,
we refer to [39] and [179].
For the definition of optimal observables [64] in e+e− →W+W−, see reference [65].
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2.3.2 Background and Radiative Corrections
The expected accuracy of the measurement of the total W+W− cross section at future e+e−
colliders is about 1%. It has to be met by the theoretical prediction. Therefore, radiative
corrections have to be considered. A short overview can be found in [180], for details and
extensive original references see [39].
All present Z ′ analyses of W pair production are done in the Born approximation. An
analysis including all radiative corrections relevant to LEP2 could in principle be done with
any of the codes described in reference [39] if the code allows a setting of the anomalous
couplings g∗WWZ1 and g
∗
WWγ.
2.3.2.1 Background
W bosons are unstable particles, which can be detected only through their decay products,
e+e− → (W+W−)→ f1f2f3f4. (2.123)
We have also non-resonant (background) processes to the same order of perturbation theory,
e+e− → f1f2f3f4, (2.124)
which go directly to the same final state. Their contribution has to be added coherently to
the process (2.123) with off–shell W ’s to get a gauge invariant result. Different FORTRAN codes
calculating the complete process (2.124) are compared in reference [39].
2.3.2.2 QED corrections
QED corrections to the amplitude with Z ′ exchange can be deduced from the SM results. We
therefore give here only a short description of the related SM corrections.
Initial state radiation The QED corrections to on-shell W pair production are calculated
in reference [181]. One would like to separate initial state corrections from final state cor-
rections and the interference between them in the calculation for off–shell W pair production
because it is much more involved. Unfortunately, this cannot be done in a gauge invariant
way. The reason is a charge flow from the initial state to the final state in W pair production.
This problem can be treated by the current splitting technique [182], in which the chargeless
neutrino exchanged in the t channel is divided into two charge flows of opposite sign. Now
the charge flows of the initial and the final state are separated, and the gauge invariance of
initial state QED corrections is ensured as it is in the case of Z pair production.
Initial state QED corrections to off–shell W pair production are calculated in [182]. They
reach several % near the WW threshold. The corrections can be split into universal contribu-
tions, which are described by the flux function (2.21) or structure function (2.20) approaches
with the same functions HeA(v) or D(x, s) derived for fermion pair production, and into non-
universal contributions depending on the particular process. The non-universal contributions
to off–shell W and Z production are numerically suppressed by a factor s1s2/s
2 [182]. The
initial state QED corrections to off–shell W pair production calculated in the flux function
71
(2.21) or structure function (2.20) approach are therefore a good approximation within the ex-
pected accuracy of the data. The generalization of these SM results to cross sections including
Z2 exchange is straight forward.
The radiative corrections to the background (2.124) are a small correction to a small
contribution. QED corrections to the background are usually taken into account by the
convolutions (2.20) or (2.21).
Coulomb singularity The Coulomb singularity [183] arises from long range electromagnetic
interactions between the produced massive charged particles. We get the correction
σCoul = σT
(
1 +
απ
2λ
)
(2.125)
for W pair production, which diverges near threshold where the velocity λ of the W ’s ap-
proaches zero. It indicates that perturbation theory is not applicable in this region. Fortu-
nately, the non-zero width ΓW and a slight off–shell production of the W ’s regularize [184]
the Coulomb singularity. Nevertheless, the numerical effect can exceed 6% for the total cross
section near threshold [184].
Coulomb singularities also arise in QED and QCD corrections to pair production of massive
fermions [87]. There, the singularity can be avoided by a calculation in the limit of massless
fermions or by a cut on the invariant mass of the massive fermion pairs. Such a cut is desirable
for quark pairs in any case to avoid non-perturbative bound state regions.
2.3.2.3 Weak corrections
The SM one–loop correction to on-shell W+W− production is calculated in reference [185].
The calculation of the complete SM one–loop correction to the process (2.124) is very complex
[186] and not done. If it is known in the future, the weak corrections in the presence of ZZ ′
mixing can be treated as described in section 2.1.2.
2.3.2.4 QCD corrections
QCD corrections give sizeable contributions to distributions and cross sections. They enter
the width of theW , where they can reach several %, see [187]. QCD corrections can be naively
implemented multiplying the cross section by the factor 1+ αs
π
for every gauge boson decaying
into a quark pair. Such a procedure is only a rough guess for background diagrams and for
cross sections with kinematic cuts.
QCD corrections are calculated to O(αs) for on-shell W pair production including the
final W polarizations and kinematic cuts in references [188]. The calculation for the complete
process e+e− → µν¯µud¯ can be found in reference [189]. The results of O(αs) corrections to
e+e− → q1q¯2q3q¯4, the CC10, CC11 and CC20 processes, can be found in reference [190]. See
also reference [191] for further references.
No new problems arise in QCD corrections to processes with Z2 exchange.
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2.3.3 Z ′ constraints at s < M22
To order θM , a Z
′ would modify the cross section due to changes in the Z1e+e− couplings and
due to the Z2 exchange contribution. Modifications due to the mass shift ∆M =MZ −M1 in
the Z1 propagator are small, see discussions above equation (2.115), and of the order θ
2
M . Far
below the Z2 resonance, the contribution of the Z2 exchange can also be neglected because
it has the additional suppression factor s/M22 . Therefore, the Z
′ signal considered here arises
due to the modification of the Z1e
+e− coupling.
All Z ′ effects can be absorbed in the anomalous couplings δγ and δZ defined in equation
(2.113). A search for a Z ′ in W+W− production is therefore a special case of a search for
anomalous couplings [171, 174, 192, 193]. Far below the Z2 peak, one has to take special care
to separate Z ′ models from other theories predicting anomalous couplings. One hint for a Z ′
would be a non-zero δγ , which is usually absent in other theories due to the U(1)em gauge
invariance. In a general data analysis, one should try to constrain many anomalous couplings
simultaneously and show that all combinations perpendicular to δZ are zero. If at least one of
these perpendicular combinations is not zero, this will indicate that there is other new physics
in addition to a Z ′. See reference [194] for a corresponding analysis.
An additional check of the Z ′ hypothesis would be a comparison with deviations in e+e− →
f f¯ below the Z2 peak. The final proof of the hypothesis would be a measurement at the Z2
peak.
We assume in the following that all deviations from the SM are due to a Z ′ and ignore the
possible confusion with other physics.
2.3.3.1 Model independent constraints on g∗γWW , g
∗
ZWW or v
M
e , a
M
e
Estimate Consider the cross section e−Re
+ → W+W−. Only the s–channel contributes to
the scattering of right-handed electrons. Expanding the total cross section σ+T in the limit of
large s, we get
σ+T ≈
α2πc4W
12s
[
1− 2s
M2Z
(
δγ − δZ sW
cW
)]
. (2.126)
The first term is the leading SM contribution, the second and third terms are the leading
contributions in the parameters δγ and δZ . The two leading powers in s have canceled in the
SM term, while only the leading power in s has canceled in the contributions proportional to
δγ and δZ . It follows that the observable σ
+
T will see a signal if
∆σ+T
σ+T
<
∆Z
′
σ+T
σ+T
≈ 2s
M2Z
∣∣∣∣δγ − δZ sWcW
∣∣∣∣ , (2.127)
where ∆σ+T /σ
+
T is the relative experimental error and ∆
Z′σ+T is the deviation due to a Z
′.
Similar considerations can be used for the scattering of left-handed electrons. Unfortu-
nately, the region of forward scattering c ≈ 1 gives a much reduced sensitivity to a Z ′. In this
region most of the SM events are produced (making the cross section proportional to ln s/s),
while the leading contributions in δγ and δZ are not logarithmically enhanced. One can avoid
this pollution effect by fits to angular distributions. Alternatively, the forward region can be
excluded from the integration. The sensitivity to a Z ′ depends on details of this procedure as
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shown in figure 2 of the second reference of [143]. We estimate the sensitivity of the observable
σ−T to Z
′ effects doing an expansion of dσ−T (c)/dc around the point c = 0,
dσ−(c = 0)
dc
∼ 1
s
(
1
4
+ 2c4W
)
− s
2
W
M2Z
[
δγ + δZ
1
2
− s2W
sW cW
]
. (2.128)
It follows that the observable σ−T will see a signal, if
∆σ−T
σ−T
<
∆Z
′
σ−T
σ−T
≈ s
M2Z
s2W(
1
4
+ 2c4W
)
∣∣∣∣∣δγ + δZ
1
2
− s2W
sW cW
∣∣∣∣∣ . (2.129)
As expected from an inspection of the amplitude (2.112), the scattering of left- and right-
handed electrons constrains different combinations of δγ and δZ ,
∆Z
′
σ±T
σ±T
∼
∣∣∣∣δγ − δZ g1e
(
ve ∓ ae
)∣∣∣∣ . (2.130)
The scattering of unpolarized electrons gives constraints similar to those from e−L scattering.
Any single observable selected from σT , σ
+
T or σ
−
T is blind to an infinite band in the δγ , δZ
plane. Combining the results from different cross sections, one is insensitive only to a closed
region in this plane. For later use, it is instructive to give a rough estimate of the size of this
region using (2.129),
|δγ |, |δZ| < δlimγ , δlimZ ≈
1
4
+ 2c4W
s2W
· ∆σT
σT
M2Z
s
. ≈ 6.2 · ∆σT
σT
M2Z
s
. (2.131)
Assuming that the experimental error consisting of statistical and systematic errors scales
like the statistical error, ∆σ/σ ≈ 1/√N ≈
√
s/L, we get a scaling [143] of these constraints
with the center–of–mass energy and the integrated luminosity,
δlimγ , δ
lim
Z , |vMe |, |aMe | ∼
√
1 + r2
sL
. (2.132)
It is the same as derived for anomalous couplings [195]. As before, r is the ratio of the
systematic and statistical errors. At the proposed colliders, the statistical errors dominate the
error of the observable σ+T , while the error of σ
−
T is usually dominated by systematic errors
depending on the cut on c.
Let us make a remark regarding the comparison with e+e− → f f¯ . A Z ′ signal will arise
there, if the Z ′ interferences give deviations larger than the experimental error. Consider the
deviation due to the γZ ′ interference,
∆Z
′
σT ≈ 1
s
· χγ(s)χ2(s) ≈ 1
s
· 1 · s
s−M22
≈ 1
M22
. It follows
∆Z
′
σT
σT
≈ s
M22
. (2.133)
The constraint has the same dependence on s as the constraints (2.127) and (2.129). However,
the important difference is that the constraint from fermion pair production is normalized to
M22 , while the constraint from W pair production is normalized to M
2
Z . The ratio s/M
2
2 is
small far below the Z2 peak, while s/M
2
Z is large at future colliders independently ofM
2
2 . This
difference is responsible for the enhanced sensitivity of W pair production to the ZZ ′ mixing
angle.
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Present Constraints Present constraints on anomalous couplings from LEP data are given
in reference [196]. Unfortunately, the constraints given there don’t allow a derivation of an
excluded region of δγ and δZ .
Future Constraints Future constraints on δγ and δZ are given in reference [93]. This
analysis is done at the born level and based on
√
s = 0.5 TeV and L = 50 fb−1 assuming 90%
polarization of the electrons, 30% detection efficiency of the W bosons and 2% systematic
errors. The differential cross section is considered in 10 equal bins in c for |c| < 0.98. The
resulting constraints are shown in figure 2.18. As expected from the estimates, the cross
sections σ+T and σ
−
T or σT alone are insensitive to bands in the δγ , δZ plane. The quantitative
agreement with the estimates (2.127) and (2.129) is good.
The model independent limit on δγ and δZ can be easily converted into limits on the ZZ
′
mixing angle for any fixed Z ′ model. For a fixed θM , every model is represented by a dot in
the δγ , δZ plane. We show the region of the E6 and LR models for θM = 0.002 in figure 2.18.
The ratio of δγ and δZ is determined by the couplings of the Z
′ to fermions only, independent
of the ZZ ′ mixing angle and the Z2 mass,
δZ
δγ
=
e
g1ve
1
χZ
(
1− v
′
eae
a′eve
)−1
. (2.134)
If one varies the mixing angle θM for a fixed model, one moves on a straight line in the δγ , δZ
plane. The corresponding line is shown in figure 2.18 for Z ′ = χ. Those values of θM , for
which one hits the model independent bound, define the constraint on θM for that specific
model. The limits on θM obtained directly from a one–parameter fit for a previously fixed
model are expected to be stronger.
In the case of a deviation of δγ and δZ from zero, the relation (2.134) between the Z
′
couplings to electrons, can be tested in fermion pair production. Such a cross check [194]
would help to verify that the deviation is due to a Z ′. In the case of a disagreement, the
deviation cannot be due to a Z ′ alone.
The model independent constraints on δγ and δZ can be converted into model independent
constraints on vMe and a
M
e using the relations (2.116). The mass dependence introduced by
the propagator χˆ2 can be neglected far below the Z2 resonance. Applying this procedure to
the limits presented in figure 2.18, one gets the constraints on vMe , a
M
e shown in figure 2.3.
In contrast to measurements of fermion pair production, W pair production cannot con-
strain Z ′ couplings to fermions f 6= e. Therefore, the sensitivity of W pair production to ZZ ′
mixing is reduced for models where the Z ′ has small couplings to electrons.
2.3.3.2 Constraints on θM
Estimate Combining the definition (2.116) of δγ and δZ and the estimate (2.131), we derive
an estimate for θM . Assuming v
′
e ≈ ve and a′e ≈ ae, we get from δZ
|θM | < θlimM ≈ 3.4 ·
∆σT
σT
· M
2
Z
s
g1
g2
(
1− χˆ2
χˆZ
)−1
. (2.135)
We have χˆ2/χˆZ ≈ 0 far below the Z2 resonance. The scaling with s, L and r is the same as
for δγ and δZ .
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Figure 2.18 Upper bounds (95%CL) on non-standard couplings (δγ , δZ) from σ
+
T , σ
−
T and σT in
e+e− →W+W−. See the text for the numerical input. The bands containing (δγ , δZ) = (0, 0) cannot
be excluded by the observables. The thin lines (the ellipse and the line from the χ to the LR model)
are the regions of the E6 and LR models for θM = 0.002. The straight thin line is the region for
Z ′ = χ for different values for θM varied in steps of 0.001. This an update of figure 1 of reference
[93].
The estimate (2.135) can be compared with the estimate (2.43) derived for fermion pair
production at the Z1 peak. We see that the sensitivity of W pair production to θM becomes
eventually better for large energies.
Future Constraints Limits on θM at future colliders are presented in reference [93]. It is
an update of the older analyses [125, 143].
Figure 2.19 shows the future limit on θM as a function ofM2 for Z
′ = ψ. Remembering that
the estimate (2.135) ignores details of the Z ′ model and is based on a crude approximation of
the excluded region, it gives a reasonable prediction of the constraint on θM in the limit M2 →
∞. The present limit on Mψ and the expected improvement from fermion pair production at
the same collider are also indicated. The limit M limZ′ from e
+e− → f f¯ is obtained from table
2.4. We took the entry of analysis [126] for 20 fb−1 with systematic errors but scaled from
L = 20 fb−1 to L = 50 fb−1 by relation (2.53). Also shown are the relations between θM and
M2 from the mass and the (model dependent) Higgs constraint.
If s approaches M2, the influence of χˆ2/χˆZ on δγ and δZ , in equation (2.135) becomes
dominant leading to an additional enhancement to be discussed in the next section.
The limit on θM can be compared with the present constraint −0.0022 < θM < 0.0026 for
the ψ model taken from table 2.1. We see from figure 2.18 that the reaction e+e− →W+W−
at a 500GeV collider can add only little to the limits on the ψ from e+e− → f f¯ . However, the
estimate (2.135) predicts a considerable improvement of the sensitivity for higher energies.
76
The analysis of figure 2.19 can be repeated for different Z ′ models. The constraint on
θM (M2 → ∞) for different E6 models is plotted as function of cos β in figure 4 of reference
[125].
Figure 2.19 Allowed domains (95% CL) of
θM ,M2 for the ψ model. The region below
the solid curve can be excluded with e+e− →
W+W− at
√
s = 0.5TeV and L = 50 pb−1.
See the text for further inputs of the analy-
sis. The current limit on M2 (θM) and the ex-
pected exclusion limit on M2 from e
+e− → f f¯
are indicated by the thick solid (dashed) lines.
The thin dotted (dashed) lines correspond to the
mass constraint (1.16) with ∆M = 0.2GeV
(the Higgs constraint (1.17)). This is an up-
date of figure 2 from reference [93].
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Figure 2.20 Upper limits (95% CL) for Φ =
θM as function of the E6 model parameter
cos β at
√
s = M2 ± Γ2/2 for 90% left (right)
handed polarized electrons solid (dotted) solid
line. Positrons are unpolarized. The input is
M2 = 1TeV, L = 50fb
−1 and a systematic er-
ror of 2%. I thank A.A. Pankov for providing
this figure.
2.3.3.3 Constraints on M2
The interference of the Z2 exchange with the SM contributions is sensitive to the Z2 mass.
Consider the change in the observable O due to the Z1Z2 interference ignoring details of the
Z ′ model (a′e ≈ ae, v′e ≈ ve),
∆Z
′
O
OSM
≈ g2
g1
gWWZ2
gWWZ1
s−M21
s−M22
≈ g2
g1
θM
s
s−M22
. (2.136)
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We took into account that θM ≪ 1 and that s≫M21 at future colliders in the last step of the
approximation. It follows that
M2 < M
lim
Z′ =
√
s
(
1 + θM
g2
g1
O
∆O
)1/2
(2.137)
would give a signal in the observable O. Compared to the estimate (2.51) derived for fermion
pair production, the sensitivity to M2 from W pair production is suppressed by the ZZ
′
mixing angle. Remembering the discussion in section 2.1.3.2, θM is constrained to be small
by measurements at the Z1 peak independently of the model. Therefore, the Z
′ mass bound
from W pair production cannot compete with that from fermion pair production.
The resulting indirect bounds on MZ′, which one obtains combining the constraint on θM
with the Higgs constraint depend on the extended Higgs sector. They are worse than the
constraints from fermion pair production, compare figure 2.19. Figures similar to figure 2.19
are shown for other E6 models and
√
s = 0.5 TeV and
√
s = 1TeV in reference [93].
2.3.3.4 Model measurements
Assume that there are non–zero anomalous couplings δγ and δZ . Then, these couplings can
be measured in future experiments. The errors of such measurements can be estimated taking
into account that the deviations of cross sections are linear in δγ and δZ . One gets
∆δγ , ∆δZ ≈ δlimγ , δlimZ . (2.138)
The estimate for the error of a θM measurement is
∆θM ≈ θlimM . (2.139)
2.3.4 Z ′ measurements at s ≈M22
The production of W pairs near the Z2 peak is essentially different from the production far
below the resonance. At s ≈ M22 we definitely know that there exists a Z ′. We also know its
mass, its width and its couplings to fermions. This information is provided best by fermion
pair production on the resonance due to the large statistics of this reaction.
Unfortunately, a description ofWW production has the same problem as the description of
f f¯ production on the Z2 resonance. The needed radiative corrections within the GUT depend
on many unknown parameters.
2.3.4.1 Constraints on θM
The production of W+W− pairs on the Z2 resonance is suppressed because it is proportional
to θ2M . For
√
s ≈M2±Γ2/2, the Z1Z2 interference, being proportional to θM , is most sensitive
to ZZ ′ mixing because it is enhanced by the Z2 propagator.
An estimate of the sensitivity to θM is given by (2.135) as in the case s < M
2
2 with the
important difference that the ratio χˆ2/χˆZ , where the width of the Z2 must now be taken into
account, gives the dominant contribution [93],
|θM | < θlimM ≈ 3.4 ·
∆σT
σT
· M
2
Z
s
g1
g2
∣∣∣∣∣ℜeχZχ2
∣∣∣∣∣ . (2.140)
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Compared to the off–resonance case, we have the additional enhancement factor |ℜeχZ/χ2| ≈
2Γ2/M2 with 2Γ2/M2 ≈ (1/20−1/50) depending on the particular Z ′ model and on the number
of the exotic fermion generations to which the Z ′ can decay. The gain in the sensitivity due
to all factors in equation (2.140) is so large that it overcompensates the loss in the sensitivity
due to the poor statistics. This is the reason why W pair production near the Z2 resonance
is much more sensitive to θM than fermion pair production. See references [143] for a further
discussion of this effect.
The increase in the sensitivity for
√
s approachingM2 can be seen in figure 2.19. Repeating
the procedure for different E6 models, one arrives at figure 2.20. The constraint on θM given
there agrees with the estimate (2.140) derived for E6 models with 2Γ2/M2 = 1/20. Figure 2.20
again demonstrates the essential role of beam polarization for exclusion limits in e+e− →
W+W−. The sensitivity to θM becomes stronger for higher energies according to the scaling
(2.132).
2.3.4.2 Measurements of θM
In the previous section, we assumed that there is a Z ′ but that the ZZ ′ mixing angle is so
small that only an upper bound can be set in the experiment. We now assume θM is large
enough to give a signal. Then, the error of a θM–measurement is given by equation (2.139)
where now θlimM must be taken from the estimate (2.140).
2.3.5 Z ′ Constraints at s > M22
Consider the constraint on θM (2.135), which transforms to
|θM | < 3.4 · ∆σT
σT
· M
2
Z
s
g1
g2
s
M22
= 3.4 · ∆σT
σT
· M
2
Z
M22
g1
g2
(2.141)
in the limit of high energies, s ≫ M22 . We see that there is no further enhancement of
the sensitivity with rising s. All contributions to the cross sections (2.126) and (2.128) are
proportional to 1/s. Unitarity is restored independently of the details of the large gauge group.
This can be understood treating the Z1 and Z2 as massless particles in the limit s ≫ M22 .
Then, one can consider the unmixed states Z and Z ′ instead of Z1 and Z2 and remember
that the Z ′ does not couple to W ’s. The resulting cross section for e+e− →W+W− obviously
behaves like the SM for large s.
The estimate (2.141) of the sensitivity to θM is always much worse than case 2 where
additional enhancement factors were present.
Possible Z ′ signals from the radiative return to the Z2 resonance cannot compete with
fermion pair production due to lower statistics.
2.4 Z ′ search in other reactions
The only SM processes in e+e− and e−e− collisions with two particles in the final state not
yet considered are e+e− → ZZ and e+e− → ZH . They are similar to W pair production.
However, they don’t have the enhancement factors of new physics. Therefore, these reactions
are much less sensitive to a Z ′ than W pair production.
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Figure 2.21 σ(e+e− → µ+µ−τ+τ−) for √s = 500GeV as function of the lower cut s−1,2 on the
invariant energies s1 and s2 of the final muon and tau pairs. The solid (dotted) curves show total
cross sections with (without) initial state QED corrections.
Higher order processes cannot compete in setting Z ′ limits due to statistics [197]. Some
higher order processes have cross sections comparable to those of two particle final states.
Resonating gauge bosons or collinear radiation of light particles can be responsible for this
enhancement . However, these enhancement mechanisms do not enhance the Z ′ contributions.
Therefore, they “pollute” a potential Z ′ signal and should be removed by appropriate kine-
matic cuts. With these cuts, the resulting cross sections are too small to compete with two
particle final states.
The effect is demonstrated [198] in figure 2.21. A cut s−1,2 on the invariant masses s1 and
s2 of the µ
+µ− and τ+τ− pairs suppresses first the photon exchange (s−1,2 are small). For
s−1,2 > M
2
Z , the Z exchange is suppressed too. The resulting cross section is approximately a
factor α2 smaller than cross sections of particle pair production. As expected, the effect is not
altered by radiative corrections.
The reactions e+e− → Z ′Z ′ and e+e− → e+e−Z ′ are considered in references [200, 201].
The second process is difficult to observe above the background [201]. The first process needs
very high energies. It was proposed [200] to use this process to resolve ambiguities in the
experimental determination of the E6 breaking parameter θ. However, this ambiguity can
already be resolved by measurements below the Z ′ peak [130].
The individual interferences of WW scattering (e+e− → e+e−W+W−) scale like s2 while
the total cross section scales in the SM like 1/s for very high energies. As in e+e− →W+W−,
a non-zero ZZ ′ mixing angle would destroy this gauge cancellation. Therefore, it could be
interesting to investigate the potential of WW scattering for a Z ′ search at TeV colliders.
80
Chapter 3
Z ′ search at pp and pp¯ colliders
The Z ′ signal at hadron colliders comes from direct production. This is a principle difference
compared to e+e− and ep collisions. Therefore, the mass of a detectable Z ′ must be smaller
than the center–of–mass energy of the colliding protons. In practice, the Z ′ must be at least
two times lighter because it is produced in collisions of partons. The Z ′ is detected through
its decay products, which must be separated from the SM background. Unfortunately, the
background in a hadronic environment makes it difficult or sometimes impossible to measure
potential interesting observables.
The decay of a Z ′ to a fermion pair would probably give the first Z ′ signal in hadron
collisions. The invariant mass of the final state fermion pair is centered around the Z ′ mass.
This allows for a good separation of the signal from the background and for a measurement
of the Z ′ mass. The signature was exploited in the past to measure the properties of the
SM Z boson at the UA1 and UA2 experiments [202]. Different fermions in the final state
can be tagged providing various cross sections and asymmetries as observables. See references
[49, 203, 204, 205] for some old analyses.
Rare Z ′ decays, Z ′ → f1f¯2V (with V =W,Z and f1, f2 are higher order processes. However,
they are enhanced by large logarithms due to collinear and soft radiation. They give interesting
complementary information in a Z ′ model measurement.
The Z ′ decay to W pairs is possible only in the case of ZZ ′ mixing. Unfortunately, this
decay mode suffers from the SM background of the associated production of a W and two jets
[206].
Associated production of a Z ′ together with another gauge boson, pp→ Z ′V, V = Z,W, γ
is of higher order compared to the production of a single Z ′. However, for s ≫ M2Z these
processes are logarithmically enhanced similar to soft photon radiation. They add independent
information about Z ′ models.
There are no other processes known in hadron collisions, which are useful to add further
information on a Z ′.
3.1 Born cross section of pp(pp¯)→ Z ′ → ff¯
The considered reaction is much less sensitive to ZZ ′ mixing than e+e− experiments at the
Z1 peak. Therefore, any ZZ
′ mixing effects can be neglected putting θM = 0 and identifying
the Z1 with the Z and the Z2 with the Z
′.
81
The Born cross section of the production of a Z ′, which decays to a fermion pair is
σA
(
pp(pp¯)→ ( γ, Z, Z ′)X → f f¯X
)
≡ σfA
=
∑
q
∫ 1
0
dx1
∫ 1
0
dx2σA(sx1x2; qq¯ → f f¯)GqA(x1, x2,M2Z′)θ(x1x2s−M2Σ) (3.1)
=
∑
q
M
s
∫ s
M2
Σ
dQ2
∫ ymax
−ymax
dyσA(sx1x2; qq¯ → f f¯)GqA(x1, x2,M2Z′)θ(x1x2s−M2Σ),
where MΣ is the sum of the masses of the final particles, x1,2 =
√
Q2
s
e±y and y is the rapidity.
The functions GqA(x1, x2,M
2
Z′), A = T, FB depend on the structure functions of the quarks,
GqT (x1, x2,M
2
Z′) = q(x1,M
2
Z′)q¯(x2,M
2
Z′) + q¯(x1,M
2
Z′)q(x2,M
2
Z′),
GqFB(x1, x2,M
2
Z′) = q(x1,M
2
Z′)q¯(x2,M
2
Z′)− q¯(x1,M2Z′)q(x2,M2Z′). (3.2)
The expressions for σA(sx1x2; qq¯ → f f¯), A = T, FB can be easily derived from equations
(2.6)-(2.9). These formulae also contain the dependence on the helicity of the initial and final
fermions.
If the polarization of the final fermion is measurable, one can observe
σfpol = σ
f↑
T − σf↓T . (3.3)
If polarized proton beams are available [207], the “left–right” cross section is of interest
[208],
σfLR = σ
f
L − σfR, (3.4)
GqLR(x1, x2,M
2
Z′) =[
q↑(x1,M
2
Z′)− q↓(x1,M2Z′)
]
q¯(x2,M
2
Z′) +
[
q¯↑(x1,M
2
Z′)− q¯↓(x1,M2Z′)
]
q(x2,M
2
Z′).
σL,R are the total production cross sections with one left or right handed initial quark. As
in the case of e+e− collisions, the difference of σFB for a left and right handed quark in the
initial state can be considered [208],
σfLR,FB = σ
f
L,FB − σfR,FB, (3.5)
GqLR,FB(x1, x2,M
2
Z′) =[
q↑(x1,M
2
Z′)− q↓(x1,M2Z′)
]
q¯(x2,M
2
Z′)−
[
q¯↑(x1,M
2
Z′)− q¯↓(x1,M2Z′)
]
q(x2,M
2
Z′).
More complicated cross sections can be measured if both proton beams are polarized.
3.2 Higher order processes and background
3.2.1 Rare Z ′ decays
The decay modes Z ′ → f1f¯2V (with V = W,Z and f1, f2 ordinary fermions) [209] are enhanced
by logarithms due to collinear and soft radiation, compare equation (1.32). The decays Z ′ →
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Zl+l− → l+2 l−2 l+l− and Z ′ →Wlνl can be separated from the background [210, 211]. The first
process shows only a weak dependence on the Z ′ couplings serving as a consistency check of
the experiment, while the second “gold-plated” decay mode yields useful and complementary
information about the Z ′ couplings [211, 212, 213]. The rare decays where f1 and f2 are quarks
can also be measured, although with a larger systematic error [211].
3.2.2 Associated Z ′ production
The production of a Z ′ in association with another gauge boson, pp → Z ′V, V = Z,W, γ
is logarithmically enhanced for high energies similar to soft photon radiation from the initial
state. The total cross section of the partonic subprocess is [44]
σT (qq¯ → Z ′V ) = g
2
1g
2
2
4πs
[
L2qL
′2
q +R
2
qR
′2
q
] {1 +m2+
1−m2+
ln
1−m+ + λ
1−m+ − λ − 2λ
}
,
with m+ = M
2
Z′/s+M
2
V /s and λ = λ(1,M
2
Z′/s,M
2
V /s), (3.6)
where λ is the kinematic function (2.118). The cross section (3.6) is known from electron
positron collisions [214].
Associated Z ′ production gives complementary information and is free of SM backgrounds
[44, 215]. It can compete with other processes in the determination of the parameters of a Z ′
model [211].
3.2.3 Radiative Corrections
In a first approximation, the tree level Z ′ contributions can be added to the SM cross section.
This approach neglects radiative corrections to the new physics treating them as a small
correction to a small effect. This approximation is probably true for a first Z ′ discovery but
has to be checked in a Z ′ model measurement. In the following we briefly mention the main
Standard Model corrections.
3.2.3.1 QCD corrections
QCD corrections are numerically most important. They increase the lowest order cross section
of vector boson production at the Tevatron by 20 − 30%. These corrections are often called
K factors.
Corrections to the unpolarized Drell–Yan process are known to orderO(α2s) for the invariant
mass distribution [216]. For rapidity– and x–distributions, they are calculated to order O(αs)
[217] and partly to order O(α2s) [218]. Soft gluon contributions can be treated to all orders
by exponentiation [219]. QCD corrections to polarized hadron scattering are known to order
O(αs) [220].
3.2.3.2 QED and weak corrections
QED corrections are model independent. As in e+e− collisions, initial state corrections, final
state corrections and the interference between them are separately gauge invariant for neutral
current processes. Numerically, the dominant corrections come from final state radiation [221].
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The corrections from initial state radiation and the interference between initial and final state
radiation are small after factorizing the collinear singularities into the parton distribution
functions [221]. As in e+e− collisions, final state corrections do not feel the neutral gauge
boson exchanged before.
Pure weak corrections are expected to already be very small for the Standard Model Z
production [221]. The corrections to Z ′ production are expected to be even smaller.
3.2.4 Background
The fermions coming from Z ′ decay have an invariant mass, which is peaked around MZ′ .
Fermion pairs with the same invariant mass could also be produced by gluon, photon or Z
exchange.
The experience of existing hadron colliders shows that b–quarks [222] and dijets [223] can
be detected [224]. However, the sensitivity to new gauge bosons from quark pairs is reduced
compared to muon and electron pairs due to the QCD background.
The background to τ pairs is considered in [225] and found to be manageable for a Z ′
originating in an E6 GUT. It is shown there that the signal can be distinguished from the
background of W+W− production and from the background coming from misidentified jets,
which could be accidentally recognized as τ decay products. Furthermore, the background
from top pairs decaying to τ pairs can be managed. Even the background from Drell-Yan
production of τ ’s can be removed although this is harder [225] than in the case of muon pairs.
3.3 Observables
Similar to the case of e+e− collisions, the total cross sections σfT and different asymmetries
serve as observables,
σfT , A
f
FB =
σfFB
σfT
, Afpol =
σfpol
σfT
, AfLR =
σfLR
σfT
, AfLR,FB =
σfLR,FB
σfT
. (3.7)
Note that ALR,FB in our notation is A
pol
FB in reference [208], while we reserve Apol for final state
polarization asymmetries following the notation of reference [225].
Not all observables (3.7) can be measured in a real experiment. In addition to the con-
straints mentioned in section 2.1.1.4, complications arise because the signal has to be detected
above the background of the hadronic environment.
As in e+e− collisions, Afpol is independent of the couplings to initial fermions. In hadron
collisions, all dependence on the quark structure functions also drops out [225].
For lepton pairs in the final state, rapidity ratios can be defined [211],
ry1 =
∫ y1
−y1
dσl
T
dy
dy(∫−y1
−ymax +
∫ ymax
y1
)
dσl
T
dy
dy
, AFBy1 =
(∫ 0
−y1 −
∫ y1
0
)
dσl
FB
dy
dy(∫−y1
−ymax −
∫ ymax
y1
)
dσl
FB
dy
dy
. (3.8)
The observable ry1 is useful in distinguishing between different Z
′ models, while AFBy1 being
“a refinement of a refinement” is less sensitive to different Z ′ models [211].
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Rare Z ′ decays Z ′ → f1f2V allow for the definition of the ratios,
rllZ ≡ Br(Z
′ → l+l−Z)
Br(Z ′ → l+l−) , rννZ ≡
Br(Z ′ → νν¯Z)
Br(Z ′ → l+l−) , rlνW ≡
Br(Z ′ → l±νW )
Br(Z ′ → l+l−) . (3.9)
The index l refers to a summation over e and µ and the index ν in rννZ to the summation
over νe, νµ and ντ . The ratios rhadZ and rhadW , where the fermions f1 and f2 are quarks can
be defined analogously. rlνW depends only on the Z
′ couplings to leptons.
The cross sections of associated Z ′ production enter the ratios
RZ′V =
σ(pp→ Z ′V )Brl2
σ(pp→ Z ′)Brl2
, V = Z,W, γ. (3.10)
3.4 Z ′ constraints
3.4.1 Model independent constraints on σfT
3.4.1.1 Estimate
The signal of extra neutral gauge bosons in hadron collisions is a number NZ′ of excessive
fermion pairs with an invariant mass around MZ′ . In the case of absence of a signal, the
observable σfT is constrained independently of the Z
′ model.
We give here an approximation of σfT to make the dependence of Z
′ exclusion limits and
Z ′ model measurements on the center–of–mass energy, the integrated luminosity and model
parameters transparent [226]. Such an estimate is useful to extrapolate from Z ′ limits known
for one collider and Z ′ model to other colliders and Z ′ models.
Consider σµT neglecting the background. Equation (3.1) can be approximated treating the
resonating Z ′ propagator of σµT (Q
2; qq¯ → f f¯) in the narrow width approximation,
Q4
|Q2 −M2 + iMΓ|2 −→ δ(Q
2 −M2)πM
4
MΓ
. (3.11)
We obtain
σµT =
4π2
3s
ΓZ′
MZ′
Brµ2
∑
q
Brq2f
q
( √
s
MZ′
,M2Z′
)
(3.12)
with f q
(
rz,M
2
Z′
)
=
∫ 1
1/r2z
dx
x
GqT
(
x,
1
xr2z
,M2Z′
)
and rz =
√
s
MZ′
. (3.13)
The function f q (rz,M
2
Z′) has only a very weak dependence on M
2
Z′ in the region we are
interested in. We therefore can drop the second argument approximating f q (rz,M
2
Z′) ≈
f q (rz).
The inspection of Z ′ limits at the proposed colliders shows [133] that the functions f q(rz)
are needed only in a narrow interval of rz, i.e. 3 < rz < 5 for pp collisions and 2 < rz < 3.5 for
pp¯ collisions. Under these conditions, the functions for different quarks q = u, d differ mainly
by a constant factor. Hence, we can make the following replacement in equation (3.12),
∑
q
Brq2f
q
( √
s
MZ′
,M2Z′
)
≈ fu
( √
s
MZ′
) [
Bru2 +
1
Cud
Brd2
]
(3.14)
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Figure 3.1 The function fu(
√
s/MZ′ , 25TeV
2) and the approximation (3.15). The curves of
fu(
√
s/MZ′ , Q
2) for Q2 = 1TeV 2 could not be distinguished from Q2 = 25TeV 2. This is figure 1
from reference [226].
with Cud = f
u(rz)/f
d(rz) ≈ 2 (≈ 25) at pp (pp¯) colliders. We see that σµT has a reduced
sensitivity to Z ′dd¯ couplings.
The integral defining the function fu(rz) could be approximated by the function r
a
z (rz−1)b,
which takes into account the parametrization of the structure functions. However, we prefer
an approximation by an exponential function because it can be inverted analytically. We get
fu(rz) ≈ Ce−A/rz , C = 600 (300), A = 32 (20) for pp (pp¯) collisions. (3.15)
The approximation (3.15) and the exact calculation (3.13) of fu(rz) are shown in figure 3.1.
We use the structure functions [227]. The dependence of our results on this choice is negligible.
Note that the fit works satisfactorally up to rz = 10. It cannot describe SM Z production at
the Tevatron where we have rZ ≈ 20.
Collecting all approximations, σµT can be written as
σµT ≡
NZ′
L
≈ 1
s
cZ′C exp
{
−AMZ′√
s
}
, (3.16)
with cZ′ =
4π2
3
ΓZ′
MZ′
Brµ2
[
Bru2 +
1
Cud
Brd2
]
.
All details of the Z ′ model are collected in the constant cZ′. For convenience, we list the value
of cZ′ for some Z
′ models:
Model: χ ψ η LR SSM
1000 · cZ′(pp) : 1.17 0.572 0.712 1.35 2.27
1000 · cZ′(pp¯) : 0.40 0.437 0.556 0.77 1.41
(3.17)
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The approximate exponential dependence of σµT (and of NZ′) on MZ′ can be recognized,
for instance, in figures 1 to 5 of reference [49]. It even holds in associated Z ′ production,
pp → Z ′W, pp → Z ′Z, as can be seen from figure 3 of reference [44]. The reason is that
associated production happens for very constrained values of Q2 ≈ (MZ′ + MV )2 only; for
smaller Q2, the process is forbidden by kinematics, for larger Q2 we have an exponential
suppression due to structure functions.
Equation (3.16) is the starting point for several useful estimates regarding Z ′ constraints
in hadron collisions.
3.4.1.2 Present constraints
The best present constraints on σfT come from the Tevatron experiments. They give a con-
straint on σfT ≡ σfT (pp→ Z ′) ·Brf2 as a function of the invariant mass of the final fermion pair
f f¯ in the final state.
The constraint from CDF [63] for electrons and muons in the final state (L = 110 pb−1 and√
s = 1.8 TeV ) is shown in figure 3.2. The corresponding constraints from D0 can be found in
[228]. The CDF data constrain σlT < 0.04 pb for large invariant masses. The deviation of the
experimental curves from this number for smaller Z ′ masses are due to the SM background.
The total detection efficiencies [63] for electron and muon pairs are ǫe ≈ 47% and ǫµ ≈ 20%.
The K factor from QCD corrections is K ≈ 1.3.
The experimental results can be confronted with the estimate (3.16). The exponential
dependence of σlT on MZ′ predicted by the estimate can clearly be seen in the figure. Taking
into account the detection efficiencies and the K factor, the estimate (3.16) predicts (σfT )
lim ≈
0.031 pb. This is in reasonable agreement with the exact result.
The SM background for dijets is much larger due to QCD effects. In reference [229], events
with dijets didn’t allow constraints on extra neutral gauge bosons from the E6 GUT.
Figure 3.2 The limit on σlT as a function of the dilepton mass, as well as the expectation for
Z ′ = SSM . This is figure 3 from reference [63].
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3.4.2 Model dependent constraint on MZ ′
3.4.2.1 Estimate
Inverting the approximation (3.16), we get a constraint on MZ′ ,
MZ′ > M
lim
Z′ ≈
√
s
A
ln
(
L
s
cZ′C
NZ′
)
≈ √s


0.386 + 1
32
ln
(
L·fb
NZ′ ·s/TeV 2 · 1000cZ′
)
pp
0.583 + 1
20
ln
(
L·fb
NZ′ ·s/TeV 2 · 1000cZ′
)
pp¯
. (3.18)
For MZ′ < M
lim
Z′ more than NZ′ additional events are expected.
A formula similar to (3.18) was quoted in reference [230] some time ago. However, there
the dependence of M limZ′ on Z
′ couplings and collider parameters is given only numerically.
Relation (3.18) describes the scaling of M limZ′ with the center–of–mass energy and the
integrated luminosity. M limZ′ depends on L only logarithmically. Therefore, the dependence of
M limZ′ on detector efficiencies or event losses due to background suppression is only marginal.
The logarithmic dependence of M limZ′ on L can be recognized in figure 3 of reference [131]
or in figure 2.33 in reference [63]. The reduction ofM limZ′ due to a decrease of the event rate by
a factor of two is predicted by relation (3.18) to be 9% (7%) for the proposed pp (pp¯) colliders.
These numbers, which do not discriminate between Z ′ models, s, and L, are in agreement
with the last line of table 1 in reference [131].
The model dependent constant cZ′ enters (3.18) only under the logarithm leading to the
weak model dependence of Z ′ exclusion limits in pp and pp¯ collisions. The physical origin of
this effect is hidden in the properties of the structure functions defining (3.13) the function
f(rz). Therefore, relation (3.18) obtained for σ
µ
T is qualitatively true for other observables too.
Radiative corrections lead to deviations of NZ′ from the Born prediction. The effect on
M limZ′ is moderate because NZ′ enters this limit only under the logarithm.
The scaling (3.18) is the complement of relation (2.53) derived for e+e− → f f¯ . The strong
model dependence of Z ′ exclusion limits from e+e− collisions is due to their direct dependence
on the square of the coupling constants of the Z ′ to fermions, see (2.47).
In the last step, equation (3.18) is written in a form, which makes the logarithm nearly
zero for GUT’s at the proposed colliders. We see that the numerical influence of the logarithm
is suppressed by a small prefactor. The constant terms 0.386 and 0.583 give an estimate for
the average sensitivity of pp(pp¯) collisions to a Z ′ in units of
√
s.
For practical purposes, it is useful to rewrite equation (3.18) as
M limZ′ (s, L)
M limZ′ (s0, L0)
≈
√
s√
s0
(
1 + ξ ln
s0L
sL0
)
with ξ =
[
ln
L0
s0
cZ′C
NZ′
]−1
, (3.19)
where now all model dependence is hidden in the constant ξ. Normalizing at one collider,
equation (3.19) predicts the limits at another collider. All Z ′ exclusion limits published in
figure 1 of reference [133] can be reproduced by the estimate (3.19) with an accuracy of 10%
for ξ = 0.13 (0.10) for pp (pp¯) collisions.
3.4.2.2 Present constraints
No Z ′ signal is found in present experiments. This negative search result can be interpreted
as exclusion limits M limZ′ in different models.
The limits quoted in reference [63] are in a good agreement with the prediction (3.18).
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Model: χ ψ η LR SSM
M limZ′ /GeV from [63]: 595 590 620 630 690
M limZ′ /GeV from (3.18): 552 560 582 611 665
Table 3.1 The lower bounds (95% CL) on the Z ′ mass from the analysis [63] compared to the
estimate (3.18). The finite detection efficiencies ǫe, ǫµ and the K-factor as given in section 3.4.1.2
are taken into account in the estimates.
3.4.2.3 Future constraints
The minimal input of the different analyses are the integrated luminosity L and the center–of–
mass energy
√
s of the colliding particles (pp or pp¯), a list of observables entering the fit and
the number of Z ′ events NZ′ demanded for a signal. If applied, kinematic cuts and radiative
corrections must be specified. It follows a list of different analyses.
Reference [133] GODFREY95: This is a theoretical analysis for different future colliders
based on σeT and σ
µ
T with NZ′ = 10. No Z
′ decays to exotic fermions are assumed. 1-loop
QCD corrections are included in the Z ′ production. The Z ′ decay is calculated including
2–loop QCD, 1–loop QED corrections and top–quark decays. We selected two scenarios
to present them in table 3.2. The numbers are taken from table 2 of reference [8] and
from figure 1 of [133].
Reference [131] RIZZO96: This is a theoretical analysis for different future colliders based
on σeT and σ
µ
T with NZ′ = 10. No Z
′ decays to exotic fermions are assumed. No radiative
corrections are included. We selected two scenarios for our table 3.2. The numbers are
taken from table 1 of [131].
The results of the different analyses are compared with the estimate (3.18). We see that the
prediction (3.18) agrees with the exact results within 10% in a wide range of L and s.
3.4.3 Model independent constraint on g2/g1
Figure 3.2 gives constraints on g2/g1. According to the estimate (3.16), σ
µ
T scales as ΓZ′/MZ′ ∼
g22. The missing factor depends on the Z
′ model. It is given in (2.78) for Z ′ = SSM if no decays
to exotic fermions are allowed. The resulting constraint g2 < g
lim
2 can be obtained graphically
from figure 3.2 by an appropriate shift of the signal cross section. We get glim2 ≈ g1/4.5 for
Z ′ = SSM and MZ′ < 400GeV .
3.4.4 Errors of Model measurements
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Analysis
√
s
TeV
L · fb χ ψ η LR SSM estimate (3.18)
[133] 2( pp¯) 10 1.04 1.05 1.07 1.10 1.15 1.06
[133] 14( pp) 100 4.38 4.19 4.29 4.53 4.80 4.47
[131] 60( pp) 100 13.3 12.0 12.3 13.5 14.4 13.7
[131] 200( pp) 1000 43.6 39.2 40.1 43.2 44.9 49.3
Table 3.2 The lower bound on the Z ′ mass M limZ′ in TeV excluded by the different analyses described
in the text. The estimate (3.18) is added for Z ′ = SSM . This is table 1 from reference [226].
3.4.4.1 Estimate
Model parameters can be measured if some of the observables O introduced in section 3.3 give
a signal. A reasonable model measurement requires enough events to assume that they have a
normal distribution. The one–σ statistical error can then be estimated using equation (3.16),
∆AlFB ≈
1√
NZ′
≈
√
s
L
1
cZ′C
exp
{
AMZ′
2
√
s
}
. (3.20)
Relation (3.20) relies on the approximation (3.15), which becomes inaccurate for too large√
s/MZ′. The error of other observables also scales as (3.20) with s and L, however, the
prefactors differ.
Compared to the exclusion limit M limZ′ , the error of a model measurement is much more
model dependent because the influence of the constant cZ′ is no longer logarithmically sup-
pressed. The dependence on the integrated luminosity is the same as in equation (2.65).
Therefore, the dependence of model measurements on systematic errors in hadron collisions is
as pronounced as in e+e− collisions.
Combining equations (3.18) and (3.20), we can predict ∆O for a given MZ′ < M
lim
Z′ if we
know M limZ′ from the observable O alone for the same collider,
∆O ≈ (NZ′)−fm/2 ·
(
s
L
1
cZ′C
) 1
2
(1−fm)
, fm =MZ′/M
lim
Z′ . (3.21)
It is the complement to the estimates (2.62) and (2.63) derived for e+e− collisions, which
relate exclusion limits and measurements of the same confidence level. Relation (3.21) relates
exclusion limits from NZ′ expected Z
′ events to one–σ errors of model measurements. To relate
exclusion limits of 95% confidence (NZ′ = 3) to measurements of 95% confidence, equation
(3.21) modifies to
∆O ≈ 2 · 3−fm/2 ·
(
s
L
1
cZ′C
) 1
2
(1−fm)
. (3.22)
Both estimates (3.22) and (2.63) are shown in figure (3.3). The estimate (3.22) depends on
collider parameters, while the estimate (2.63) is universal for e+e− collisions. Note that both
estimates do not work for too small fm.
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Figure 3.3 The estimate of ∆O (95% CL) as a function of MZ′/M
lim
Z′ as given in equation (3.22).
M limZ′ is the Z
′ exclusion limit obtained from the same observable O alone. Shown are the predictions
for the scenarios listed in table 3.2 for Z ′ = η. For
√
s = 14TeV , the dependence is shown for
Z ′ = ψ, η, SSM (from top to down). The thick solid line is obtained from relation (2.63).
3.4.4.2 Future measurements
The estimate (3.20) can be confronted with results of the theoretical analysis [44], which
assumes
√
s = 14TeV L = 100 fb−1 and MZ′ = 1TeV . The measurement of O = AeFB is
investigated there. Having in mind the crude approximations, which lead to the estimate
(3.20), the agreement is reasonable.
Analysis χ ψ η LR SSM
∆AeFB from [44]: 0.007 0.016 0.014 0.006 -
∆O from (3.20): 0.008 0.012 0.011 0.008 0.006
Table 3.3 Expected errors of measurements of ∆AeFB from reference [44] and from estimate (3.20).
As mentioned in section 3.3, the polarization asymmetry of τ ’s in the final state depends
on the couplings of the Z ′ to the τ only,
Aτpol = v
′
τa
′
τ/(v
′2
τ + a
′2
τ ). (3.23)
Therefore, it allows a model independent measurement of this combination of coupling con-
stants. The structure functions and branching ratios of the Z ′ influence only the event rate
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and therefore the error of Aτpol. For E6 GUT’s, it is estimated [225] as ∆A
τ
pol ≈ 1.5/
√
NZ′.
A measurement of the observables
ry1, AFB, AFBy1, rlνW , RZ′Z , RZ′W and RZ′γ (3.24)
would give model independent information on the Z ′ parameters γlL, γ
q
L, U˜ and D˜ defined
in equation (1.37). For MZ′ = 1TeV , the expected accuracy of such an measurement at
LHC is 5% for γlL and between 20% and 30% for γ
q
L, U˜ and D˜ [211]. The estimate (3.20)
predicts errors of about 1%. The estimate is considerably smaller because it relies on AµFB.
The measurements of γlL, γ
q
L, U˜ and D˜ are based on all observables (3.24). Unfortunately, the
measurements of the observables involving associated Z ′ production or rare Z ′ decays suffer
from smaller statistics. See table II of reference [211] for details. This explains the difference
between the results in table 3.4 and the estimate.
χ ψ η LR
γlL 0.9± 0.016 0.5± 0.02 0.2± 0.012 0.36± 0.007
γqL 0.1 0.5 0.8 0.04
U˜ 1± 0.16 1± 0.14 1± 0.08 37± 6.6
D˜ 9± 0.057 1± 0.22 0.25± 0.16 65± 11
Table 3.4 Values of the parameters (1.37) and its statistical error–bars for typical models determined
from probes at the LHC (
√
s = 14TeV, L = 100 fb−1). MZ′ = 1TeV . This is table 3 of reference
[8].
The measurements of γlL, γ
q
L, U˜ and D˜ can be used to get information on the symmetry
breaking sector [45]. Similar to a model measurement in e+e− collisions described in section
2.1.4.4, a verification of the relations (1.39) allows to check, whether the Z ′ comes from the
breaking of the E6 or SO(10) groups. In any case, the breaking parameters can be determined.
Under the assumptions of reference [45], the statistical errors of such a measurement are
around 10%. The breaking parameters γlL, γ
q
L, U˜ define the Z
′ couplings to SM fermions with
a 16–fold sign ambiguity. This ambiguity can be removed by measurements at e+e− colliders.
Hadron colliders alone can reduce the sign ambiguity by collisions of polarized beams or by a
measurement of observables, which are sensitive to the polarization in the final state as Aτpol.
The measurement of gR/gL in left–right symmetric models is considered in reference [52].
For MZ′ = 1TeV , this ratio could be measured at the LHC with a statistical error of about
1%.
If a Z ′ signal is found in hadron collisions, MZ′ and ΓZ′ can be defined by a fit to the
invariant mass distribution of the final fermion pairs from the Z ′ decay. MZ′ can be measured
with an accuracy of ΓZ′ detecting only a few Z
′ events. This is proven by the early measure-
ments of the SM W– and Z–masses by the UA1 and UA2 experiments at CERN [202]. For
larger event numbers, the systematic errors become important. See reference [231] for details.
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Chapter 4
Z ′ search in other experiments
There are other experiments not yet mentioned, which can give bounds on extra neutral gauge
bosons. For completeness, we briefly comment on some of them in the next sections.
4.1 ep collisions
Neutral current electron–proton scattering occurs through photon, Z or Z ′ exchange in the
t channel. The Z ′ is detected by indirect effects similar to e+e− collisions. The additional
contributions due to Z ′ exchange lead to deviations of observables from their SM predictions.
Compared to e+e− collisions, ep collisions suffer from the hadronic background, in which these
deviations must be detected. ep collisions are as insensitive to ZZ ′ mixing as off–resonance
fermion pair production. Therefore, we put the ZZ ′ mixing angle θM to zero in this section
and identify Z1 and Z2 with Z and Z
′.
Some early Z ′ analyses can be found in the references [204, 232, 233, 234].
4.1.1 Born cross section
The amplitude of ep scattering depends only on the ratio of the Z ′ couplings and the Z ′
mass. The six couplings a′f , v
′
f with f = e, u, d are always involved simultaneously because the
Z ′ must couple to the initial state.
The cross section of the reaction e−L,Rp→ e−L,RX including extra neutral gauge bosons is
dσ(e−L,R)
dxdy
= 2πα2
s
Q4
∑
m,n
σ(m,n) (4.1)
with
σ(m,n) = χm(Q
2)χ∗n(Q
2)
[
[1 + (1− y)]2FL,R2 (x,Q2) + [1− (1− y)]2xFL,R3 (x,Q2)
]
,
FL,R2 (x,Q
2) = x [CV (e)± CA(e)]
∑
q
[
CV (q)(q(x,Q
2) + q¯(x,Q2))
]
,
xFL,R3 (x,Q
2) = ±x [CA(e)± CV (e)]
∑
q
[
CA(q)(q(x,Q
2)− q¯(x,Q2))
]
,
CV (f) = vf (m)v
∗
f (n) + af(m)a
∗
f (n), CA(f) = vf (m)a
∗
f (n) + af(m)v
∗
f (n). (4.2)
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The propagator χn(Q
2) is given in equation (2.7) and the couplings vf(n) and af (n) are
defined in equation (1.23) and (1.28). q(x,Q2) and q¯(x,Q2) are structure functions of the
proton. The cross section for e+L,R scattering is given by equation (4.1) with the replacements
FL,R2 → FR,L2 , FL,R3 → −FR,L3 in equation (4.2). The kinematic variables Bjorken–x and y are
defined as
x ≡ Q
2
2P · q , y ≡
P · q
P · pe =
Q2
xs
with Q2 = −q2 = −(pe − pl)2, and s ≡ (pe + P )2. (4.3)
pe(pl, P ) are the energy–momenta of the incoming electron (scattered electron, proton). s is
the center–of–mass energy squared and Q2 is the momentum transfer squared. We treat all
initial and final particles as massless.
Among the different observables, the total cross sections are rather insensitive to a Z ′
because the contributions from photon exchange are very large. Charge (A−+LL , A
−+
RR), polar-
ization (A++LR , A
−−
LR ) and mixed (A
−+
LR , A
−+
RL ) asymmetries can be defined [233, 234],
AmnXY =
dσ(emX)− dσ(enY )
dσ(emX) + dσ(e
n
Y )
, X, Y = L,R; m,n = +,−. (4.4)
Most of the systematic errors drop out in these asymmetries.
4.1.2 Radiative Corrections
Presently there are no hints for a Z ′ at HERA. We expect that possible new Z ′ contributions to
the cross section are very small. It is therefore sufficient to take into account only the QED
corrections in the leading log approximation (LLA) [235] to these contributions. For the
other contributions, one has to take into account the SM corrections. See reference [236, 237]
for an overview of SM corrections to ep collisions and for further references. QED corrections
can be taken into account in a model independent way in the LLA. They consist of initial and
final state radiation [238] and the Compton peak [239].
The full O(α) QED and weak corrections can be found in references [37, 240]. See also
section 2.1.2.2 for further references to weak corrections. They can be taken into account
[235] by form factors [85] as described in section 2.1.2.2. As discussed in reference [235], the
electroweak corrections are of the same size as the Z ′ effects. Therefore, they must be taken
into account in a Z ′ analysis at ep colliders. TheMt– andMH–dependence of weak corrections
in presence of Z ′ production is discussed in reference [241].
The QCD corrections to Z ′ production are the same as in the SM. See references [242]
for a short review and for further references.
4.1.3 Z ′ constraints
A model independent Z ′ analysis in ep collisions always involves the six Z ′ couplings
a′f , v
′
f , f = e, u, d. If the condition (1.26) is assumed, the model independent analysis can
constrain the five combinations (1.36). ep collisions are sensitive to the relative sign of the Z ′
couplings. A model independent analysis for HERA is carried out in reference [243]. Unfortu-
nately, HERA cannot compete with hadron colliders [244, 248] in setting Z ′ bounds for usual
GUT’s.
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Model dependent Z ′ limits at electron proton colliders can be obtained by considerations
similar to those explained for e+e− collisions. We get the following scaling of M limZ′ with L
and s,
M limZ′ ≈
√
Q2
(
1 +
1
∆o
)1/2
∼
[
sL
1 + r2
]1/4
. (4.5)
The scaling is the same as in e+e− collisions. Therefore, the dependence on systematic errors
is the same. The difference is that the error ∆o depends on the kinematic variable Q2.
Reasonable statistics are obtained for Q2 well below s. As a result, ep collisions are sensitive
to extra neural gauge bosons with masses comparable to the center–of–mass energy
√
s. The
model dependence of these bounds is large as in e+e− collisions.
See reference [245] for a first analysis of future exclusion limits including radiative
corrections. A recent analyses can be found in reference [246]. A comparison of the numbers
in table 4.1 with those of table 3.2 demonstrates that HERA cannot compete in setting mass
limits to a Z ′ predicted in typical extended gauge theories. The scaling (4.5) describes nicely
the changes with the luminosity.
MZ′/GeV χ ψ η LR
L = 0.5 fb−1 390 210 240 420
L = 1.0 fb−1 470 260 290 500
ratio 1.21 1.24 1.21 1.19
Table 4.1 The 95% CL predictions for M limZ′ from HERA with
√
s = 314GeV and the integrated
luminosities quoted in the table. The first two rows are taken from table 3 of reference [246].
Recently, the anomalous high Q2 events observed at HERA [247] received much attention.
As pointed out in reference [248], these deviations from the SM cannot be explained by a Z ′
coming from typical extended gauge theories, which is compatible with the present LEP and
Tevatron data. Two models, the excited weak boson model [249] and the BESS model [19]
are not ruled out by the present data.
4.2 Atomic parity violation
The measurement of parity–nonconserving transitions in atoms has reached a precision [250,
251], which allows constraints to extra neutral gauge bosons competitive [109, 110, 252, 253]
to those from collider experiments.
Parity violating transitions occur due to the exchange of vector bosons with axial couplings.
The experimental results are usually given in terms of the weak charge,
QW = −2C1u(2Z +N)− 2C1d(Z + 2N), C1q = 2ae(1)vq(1), q = u, d. (4.6)
It arises due to the coherent interaction of the electron with all Z(N) protons (neutrons) in
the nucleus of the considered atom.
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To calculate the SM prediction of QW , radiative corrections [254] must be applied,
C1u = −ρ′PV
(
1
2
− 4
3
s2W (0)eff
)
, C1d = −ρ′PV
(
−1
2
+
2
3
s2W (0)eff
)
. (4.7)
For 13355Cs, we have QW = −376C1u − 422C1d. The resulting SM prediction [255] for Mt =
175GeV and mH = 100GeV is Q
SM
W = −73.04.
This can be compared with the present experimental value [250],
QW = −72.11(27)exp(89)theory. (4.8)
The agreement with the SM prediction is used to constrain possible new physics.
The exchange of extra neutral gauge bosons would give additional contributions to parity
violating transitions in atoms. For 13355Cs, the predicted change in the weak charge is [109]
∆QW =
(
M2Z
M21
− 1
)(
QSMW + 73.8
)
− θM g2
g1
(
Q
(2)
W + 2ae(2)Q
SM
W
)
+ 2
M21
M22
g22
g21
ae(2)Q
(2)
W (4.9)
with Q
(2)
W = −376vu(2)−422vd(2). The first contribution is numerically negligible [109] due to
an accidental cancellation between the two contributions and due to the present experimental
constraint on M2Z/M
2
1 − 1 = ρmix − 1 < 0.003 already mentioned in section 2.1.3.1. The
constraint (4.9) can therefore be parametrized as [109]
∆QW ≈ γ1θM + γ2M
2
1
M22
. (4.10)
The coefficients γ1 and γ2 are given for some models in table 4.2.
The present constraints on the ZZ ′ mixing angle θM from measurements at the Z1 peak
are stronger then those, which would result from atomic parity violation. As a result, mea-
surements of atomic parity violation constrain mainly M1/M2.
χ ψ η LR
γ1 -138.0 37.2 -114.0 -46.9
γ2 65.6 0.0 -16.4 74.7
Table 4.2 Values of the parameters γ1 and γ2 computed for s
2
W = 0.2334 for different Z
′ models.
The numbers are taken from table IX of reference [109].
Note however, that the weak charge QW can receive compensating contributions from more
than one new physics source, which would relax the Z ′ limits. Such cancellation effects are
explicitly demonstrated in reference [256].
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4.3 Neutrino scattering
High energy neutrino scattering experiments provided interesting limits on Z ′ param-
eters in the past. Today, they cannot compete with the limits from collider experiments.
See references [6, 7] for a review and references to older experiments. Recent results of neu-
trino scattering experiments can be found in references [257, 258], a recent review is given in
reference [259].
Neutrino–electron and neutrino–nucleon scattering experiments measure the couplings of
the neutrino to the Z boson [259],
vν = −0.035± 0.012± 0.012, aν = −0.503± 0.006± 0.016. (4.11)
These measurements are complementary to experiments at the Z1 peak because they measure
the couplings at much lower center–of–mass energies. The weak– and QED corrections to
neutrino scattering are given in the first reference of [238] and in references [260].
As e+e− collisions at the Z1 peak, the agreement of these measurements with the SM
prediction constrains physics beyond the SM. The constraints on extra neutral gauge bosons
obtained by the CHARM II Collaboration [258] are given in table 4.3. Comparisons of the
excluded ranges in the θM −MZ′ plane with L3 measurements can be found in figure 46 of
reference [259].
The CHARM, CCFR and CDHS collaborations quote model independent results on neu-
trino–nucleon scattering [259]. These results can be converted into constraints on different
extra neutral gauge bosons using the formalism of reference [7]. The resulting numbers for an
unconstrained Higgs sector are given in table 4.3.
χ ψ η LR
reference [258] 262 135 100 253
table XI of reference [259] 215 54 87
figures 2 of reference [261] 500 155 190 220
Table 4.3 Present 95% CL limits on MZ′ in GeV in different Z
′ models from neutrino scattering
experiments.
Recently, low energy neutrino scattering experiments (νee→ νee) are proposed [261].
The proposal foresees to place a strong neutrino source in the center of a neutrino detector.
Such a neutrino source with an activity of 1.67 ± 0.03MCi based on 51Cr was already used
to calibrate the GALLEX neutrino experiment. A ν¯e source based on
147Pm is proposed to
have an activity of 5 − 15MCi [261]. All these sources emit neutrinos with energies well
below 1MeV . New detectors are proposed to measure the small recoil energy of the scattered
electrons with high precision [261].
The experiment measures the neutrino couplings. This information can be used to set
limits on extra neutral gauge bosons. The possible constraints on the ZZ ′ mixing angle
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cannot compete with the present LEP measurements, while the possible bounds on MZ′ are
interesting. They are shown in figures 1 and 2 of reference [261]. We produce mass limits from
figure 2 of that reference neglecting systematic errors and present them in table 4.3.
4.4 Cosmology
The number of light neutrinos interacting with the SM Z boson is known from experiments
at the Z1–resonance to be Nν = 2.989± 0.012 [91].
GUT’s containing extra neutral gauge bosons also predict the existence of additional (right
handed) neutrinos. The number of these neutrinos, which do not interact with the SM Z boson,
is not constrained by the experiments at LEP and SLAC.
The big bang nucleosynthesis of neutrons and the related abundance of 4He in the
universe is sensitive to any particles with a mass lighter or about 1MeV [262], the mass
difference between the proton and the neutron. Assuming a primeval 4He abundance YP =
0.242 ± 0.003, one gets [262] a 95% CL interval Nν = 3.0 − 3.7 assuming the D+3He lower
bound to the baryon density, and Nν = 3.0− 3.2 assuming (D/H)P = (2.5± 0.75) · 10−5 [263].
This measurement of Nν can be interpreted as a constraint on theories predicting light
neutrinos and light Z ′s [264]. The resulting bounds on MZ′ are stronger than those from
collider experiments but they contain more assumptions on the model.
Constraints on extra neutral gauge bosons from the supernova SN 1987A are considered
in references [265, 266, 267, 268]. Models of stellar collapse predict an energy release of
4 · 1046W . The measured neutrino events suggest an energy release exceeding 2 · 1046W
within 10 seconds. Therefore, at most 2 · 1046W could be emitted by other particles. In
particular, additional neutrinos lighter than about 50MeV , the core temperature, would carry
away a part of the energy. They can be produced through nucleon-nucleon bremsstrahlung
(NN → NNνRν¯R) in presence of a light Z ′.
The agreement between the models of stellar collapse and the neutrino observation puts
constraints on extra neutral gauge bosons if there are additional light neutrinos present in
the model. These constraints are considerably stronger than present collider limits except for
models where the Z ′ coupling to right–handed neutrinos vanishes [265]. Of course, these limits
are based on more model assumptions than the collider constraints. A non-zero ZZ ′ mixing
would only strengthen the limits [266]. The influence of radiative corrections on the limits is
small [266].
98
Chapter 5
Summary and conclusions
In this review, we have investigated the phenomenology of extra neutral gauge bosons. We
have considered in detail the Z ′ constraints, which can be obtained at e+e−, e−e− and µ+µ−
colliders. At these machines, fermion pair production, Bhabha scattering, Møller scattering
and W pair production can contribute to a Z ′ analysis. The constraints from lepton colliders
are compared with those from pp and pp¯ colliders.
In the case of the absence of a Z ′ signal, lepton and hadron colliders give complementary Z ′
constraints. Lepton colliders give the best constraints on the ZZ ′ mixing angle and on weakly
interacting Z ′s. The exclusion limits from lepton colliders are almost insensitive to Γ2/M2 but
they are rather model dependent. Hadron colliders give the best present constraints on the
Z ′ mass for Z ′s predicted in popular GUT’s. These constraints are rather insensitive to the
Z ′ model. They become worse for an enlarged Z2 width, which can arise if decays to exotic
fermions are kinematically allowed. The complementary role of lepton and hadron colliders is
demonstrated in table 5.1.
χ ψ η LR SSM
Tevatron 1997 [63] 595 590 620 630 690
LEP 1997 [102] 300 220 230 310 520
end of LEP (190GeV, 0.5 fb−1) [126] 990 560 620 1100 1500
Tevatron after run II (2TeV, 2 fb−1) 940 930 970 970 1040
Table 5.1 Present and future limits on MZ′ (95% CL) for different E6 models and the SSM in GeV.
The last line is obtained from the present Tevatron bounds using relation (3.19).
In the case of a Z ′ signal, lepton and hadron colliders are complementary in a Z ′ model
measurement. The proposed hadron colliders with unpolarized beams measure the couplings
of the Z ′ to SM fermions with smaller errors than the proposed lepton colliders but with
a 16–fold sign ambiguity. Lepton colliders with polarized electron beams measure the same
couplings with a 2–fold sign ambiguity only.
The Z ′ limits from electron–proton colliders cannot compete with those from lepton and
hadron colliders.
We emphasized the importance of model independent and model dependent Z ′ analyses.
Both analyses are complementary. Model independent constraints are useful to restrict any
99
present and future Z ′ model. For this universality, one has to pay the price that not always
all observables are useful for a model independent analysis and that model independent con-
straints from different reactions are not always comparable. On the other hand, additional
model assumptions bias the limits. However, as far as they are consistent with the data, they
help to tighten the exclusion limit or to reduce the error of the measurement of the remaining
model parameters.
We reviewed the status of the radiative corrections, discussed the importance of the differ-
ent radiative corrections in detail, and described how they can be included in theories including
a Z ′. QED corrections can be calculated in a model independent way. QCD corrections to Z ′
processes are the same as in the SM. Weak corrections to the new Z ′ contributions cannot be
calculated independently of the model. We assume that the Z ′ effects arise first at the tree
level and not in loops. Then, the higher–order corrections including new GUT particles are a
small correction to a small effect and can be neglected. However, they cannot be neglected in
precision measurements at the Z2 peak.
Computer programs with these corrections are required for Z ′ analyses. We listed officially
released FORTRAN programs relevant for a Z ′ search and indicated where these programs have
already been used in an analysis of experimental data.
In contrast to Z ′ model measurements, Z ′ exclusion limits are rather robust against details
of systematic errors.
For different reactions, we discussed kinematic cuts, which enhance the sensitivity to extra
neutral gauge bosons.
We now comment on the Z ′ limits from different processes in more detail. They are
collected in table 5.2, which summarizes the main results of the different sections of this
review in a telegraphic style.
The first column refers to the considered reaction. If necessary, different cases of the center–
of–mass energy are distinguished. In the next three columns, the status of the Z ′ search is
indicated. The simplest analysis could be done at the Born level. The next step would be
the investigation of radiative corrections needed to meet the accuracy of future data. We
put a + there if the radiative corrections are known with an accuracy comparable or better
than the expected experimental errors. This column is more subjective because neither the
future experimental errors nor the magnitude of the radiative corrections are precisely known
in advance. The existence of officially released computer programs containing all radiative
corrections needed for a direct fit to data is indicated in the fourth column.
The last column of the table contains typical bounds on different model parameters or
combinations of them and a scaling of these bounds with the integrated luminosity and the
center–of–mass energy. Of course, the input of this column is only representative depending
on the assumptions and limitations not given in the table but described in the corresponding
sections of this review. The scaling with the luminosity assumes that the systematic error
decreases proportional to the statistical error.
It follows a short comment on every row: Z ′ effects in fermion pair production at the Z1
peak arise mainly through deviations in the couplings of the mass eigenstate Z1 to fermions
compared to the SM prediction for the Z boson. On–resonance Z1 production gives the best
present limits on the ZZ ′ mixing angle θM . The number in the table is a typical experimental
bound for GUT’s. It is almost independent of the Z ′ mass. Without assumptions on the Z ′
model, only vMf and a
M
f , which are the product of the ZZ
′ mixing angle and the Z ′ couplings,
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can be constrained. The present constraints on vMf and a
M
f with f = u, d could only be
improved by fermion pair production at the Z2 resonance. The strongest improvements on
the present limits on vMe and a
M
e will come from W pair production at e
+e− or µ+µ− colliders
at TeV energies.
Reaction, Born Main Program Typical 95% CL constraint
c.m. energy Analysis RC’s with RC’s and scaling with c.m. energy s
exists known exists and integrated luminosity L
e+e− → f f¯
s ≈M21 + + + |aMe | < 0.0005, |vMe | < 0.001 ∼ L−1/2
|aMq |, |vMq | < 0.02, q = c, b ∼ L−1/2
|θM | < 0.003 ∼ L−1/2
M21 < s < M
2
2 + + + |aNl |, |vNl | < 0.01 ∼ (sL)−1/4
M2 > M
lim
Z′ = (3 to 8)
√
s ∼ (sL)1/4
g2 < g1/7 for M2 <
√
2s ∼ (sL)−1/4
∆g2
g2
, ∆M2
M2
≈ 1
2
(
M2/M
lim
Z′
)2 ∼ (sL)−1/2
s ≈M22 + − − g2 < g1/140 ∼ L−1/4
∆Γ2,∆M2 ≈ ∆Ebeam
∆af (2)/af(2),∆vf(2)/vf(2) ∼ L−1/2
s > M22 + − − g2 < g1/24 for MZ′ ≈
√
s ∼
(
∆Eγ
Eγ
s
M2
Z′
)1/4
e±e− → e±e− + + − see e+e− → f f¯ , M21 < s < M22
e+e− →W+W−
s < M22 + + + |aMe |, |vMe | < 0.00025TeV/
√
s ∼ (sL)−1/2
|θM | < 0.001TeV/
√
s ∼ (sL)−1/2
s ≈M22 + − − |θM | < 0.0001TeV/
√
s ∼ L−1/2
pp, pp¯→ Z ′X
Z ′ → ll¯, bb¯ + + + σµT < 3/L ∼ L−1
M2 > M
lim
Z′ ≈
√
s
(
0.4 + 1
32
ln L·fb·1000cZ′
3s/TeV 2
)
(pp)
M2 > M
lim
Z′ ≈
√
s
(
0.6 + 1
20
ln L·fb·1000cZ′
3s/TeV 2
)
(pp¯)
pe±, p¯e± → e±X + + + M2 > (0.7 to 1.6)
√
s ∼ (sL)−1/4
Table 5.2 Summary table of the Z ′ limits.
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The Z ′ effects in off–resonance fermion pair production arise mainly through interferences
of the Z ′ amplitude with the SM amplitudes. Off–resonance fermion pair production is sensi-
tive to Z ′ masses considerably larger than the center–of–mass energy. The limits have a strong
dependence on the Z ′ couplings to fermions. They are insensitive to ZZ ′ mixing. The exclu-
sion limits in the table are given for typical GUT’s and for colliders with L = 80 fb−1s/TeV 2.
If no information on the Z ′ model is available, one can only constrain the parameters vNf and
aNf , which are proportional to ratios of the Z
′ couplings and the Z ′ mass. If the Z ′ couplings
to all SM fermions are very small, the Z ′ could escape detection even for energies not far
below its mass. However, it is hard to obtain such Z ′s in a GUT. The errors of Z ′ model
measurement and of Z ′ exclusion limits scale differently with the integrated luminosity and
center–of–mass energy.
Experiments on top of the Z2 resonance would certainly allow the most accurate mea-
surements of the Z2 mass, of the Z2 width and of the Z2 couplings to SM fermions. In such
measurements, muon colliders are clearly favored against electron positron colliders because
they have a much smaller beam energy spread. The accuracy of the measurements of the Z2
couplings to fermions is expected to be comparable to the precision presently achieved at the
Z1 resonance.
As mentioned before, a weakly coupled Z ′ can be missed in experiments below its resonance.
If its couplings are not too small, such a Z ′ can be observed in experiments above its resonance.
In those experiments, the Z ′ signal arises through the hard photons, which come from the
radiative return to the Z2 resonance. These photons appear by the same mechanism, which
is responsible for the hard photons from the radiative return to the Z1 resonance at LEP2
energies. The Z ′ limit from experiments above the Z2 resonance is sensitive to the photon
energy resolution.
Bhabha and Møller scattering set bounds on the model independent parameters vNe and
aNe , which are comparable to off–resonance fermion pair production. Of course, Bhabha and
Møller scattering can only constrain the Z ′ couplings to electrons. Model assumptions link
Z ′ couplings to leptons and quarks. In model dependent analyses, fermion pair production
profits from its additional observables with quarks in the final state. Therefore, the model
dependent Z ′ limits from fermion pair production are better than those from Bhabha and
Møller scattering.
W pair production is very sensitive to changes of the Z1 couplings to fermions. Such
changes destroy the gauge cancellation present in the SM. The result are large factors, which
amplify the Z ′ effects. W pair production can give the best model independent constraints
on the parameters vMe , a
M
e . For models where the Z
′ couplings to electrons are not zero, the
resulting bounds on θM are better than those from fermion pair production. The best limits
can be obtained in measurements near the Z2 peak where the Z2γ and Z2Z1 interferences
dominate. At energies above the Z2 resonance, unitarity is restored and Z
′ effects are no
longer enhanced by large factors.
Proton colliders can see a Z ′ if it is directly produced by a quark–anti–quark pair. There-
fore, these colliders can detect only Z ′s with masses considerably smaller than the center–of–
mass energy of the colliding protons. The Z ′ mass exclusion limits are rather insensitive to
details of the model as far as the signal can be separated from the background. This becomes
harder for Z ′s with small couplings or for Z ′s with small branching ratios to SM fermions. The
Z ′ exclusion limits scale non-symmetrically with the center–of–mass energy and with the inte-
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grated luminosity. To improve the limits, an increase of the center–of–mass energy is favored
against an increase of the luminosity. For a first Z ′ discovery, Z ′ decays to muon pairs are the
favored process. In the case of a Z ′ signal, there are many other useful observables, which can
help to measure the model parameters. The errors of Z ′ model measurements at hadron collid-
ers scale with the integrated luminosity as in e+e− collisions but have an enhanced sensitivity
to the center–of–mass energy.
Some other experiments can provide Z ′ limits. We could only briefly comment on ep
collisions, atomic parity violation, neutrino scattering and cosmology.
Many different bounds on extra neutral gauge bosons can be obtained from various ex-
periments. In the foreseeable future, we shall learn from the new experiments whether the Z
boson has one or several massive partners as predicted by most unified theories. Let’s hope
for surprises.
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Appendix A
Notation
For the convenience of the reader, we collect the main notation in the following tables. The
notation appearing in chapter one has mainly to do with the definition of the Z ′ parameters.
It follows the notation of kinematic parameters and observables introduced in chapter two.
We conclude with the notation relevant in the remaining chapters.
Symbol Meaning Chapter 1
Z ′ Vector particle associated with the extra U ′(1) group in (1.1).
χ, ψ, η, LR, SSM Particular Z ′ models, see sections 1.2 and 1.1.3.
θM Mixing angle between the symmetry eigenstates Z and Z
′.
Z1, Z2 Mass eigenstates resulting from the mixing of the Z and Z
′.
Γfn,Γ
W
n ,Γ
ffV
n Partial decay widths of the Zn as defined in section 1.1.4.
MZ′,ΓZ′ Mass and width of the Z
′.
Mn,Γn Masses and total widths of the Zn, n = 0, 1, 2, Z0 = γ.
m2n Complex mass, m
2
n =M
2
n − iΓnMn.
Brfn Branching ratio of the Zn decay to f f¯ , Br
f
n = Γ
f
n/Γn.
e, g1, g2 Coupling strengths of the γ, Z and Z
′ to fermions, see
equation (1.20), e ≈ 0.31, g1 = g = e/(2cWsW ) ≈ 0.37.
vf , af (v
′
f , a
′
f ) Vector and axial vector couplings of the Z(Z
′) to the fermion f .
Lf , Rf (L
′
f , R
′
f) Left and right handed couplings of the Z(Z
′) to the fermion f .
vf(n), af (n) Vector and axial vector couplings of the Zn to the fermion f .
Lf(n), Rf (n) Left and right handed couplings of the Zn to the fermion f .
ǫA, P
e
V , P
q
L, P
u
R, P
d
R Sign–dependent coupling combinations, see equation (1.36).
ǫA, γ
l
L, γ
q
L, U˜ , D˜ Sign–independent coupling combinations, see equation (1.37).
Table A.1 Main conventions and notation.
120
Symbol Meaning Chapter 2
s(s′) Centre-of-mass energy squared of the considered (sub)process.
L Integrated luminosity
λ1, λ2, λ3 Helicity combinations (2.9), (2.97) of the initial particles.
c = cos θ θ is the angle between the initial electron and the final
fermion f (or final W−).
χn(s) Propagator as defined in equation (2.7).
χˆn(s) Propagator in e
+e− → e+e− as defined in equation (2.114).
vNf , a
N
f Normalized couplings of the Z
′, as defined in equation (2.3).
vMf , a
M
f Mixing dependent couplings (2.4) of the Z
′.
δγ, δZ Shifts (2.111) in the couplings gWWγ and gWWZ due to a Z
′.
O,∆O,OSM Some observable (total or differential cross section or
asymmetry), its experimental error and its SM prediction.
r Ratio of the systematic and statistical errors, see (1.66)
∆o g2–depending error, of an observable, see equation (2.46).
∆Z
′
O Shift of the observable O from its SM prediction due to a Z ′.
σfT Total cross section of fermion pair production in different
processes, see equations (2.6) and (3.1).
AfFB, ALR, A
f
pol Forward–backward, left–right and polarization asymmetries
for fermion pair production in different processes,
see equations (2.15), (3.7) and (4.4).
AfLR,FB, A
f
pol,FB, A
f
LR,pol Combined asymmetries, see equations (2.16) and (3.7).
Rhad, AhadLR , Rb, Rc Ratios and asymmetries as defined in equation (2.19).
M limZ′ Largest M2, which can be detected.
fm Ratio of M2 and M
lim
Z′ , see equation (2.62).
θlimM Smallest mixing angle, which can be detected.
glim2 Smallest coupling strength, which can be detected.
δlimγ , δ
lim
Z Smallest shifts δγ and δZ , which can be detected, see (2.131).
HeA(v) Flux function (2.21) describing QED initial state corrections.
∆ Cut on the photon energy in units of the beam energy.
∆+,∆− Boundaries of the considered range of the photon energy.
∆Eγ/Eγ Photon energy resolution of the experiment.
Table A.2 Continuation of conventions and notation.
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Symbol Meaning Chapter 2
FA(q
2) Form factor taking into account the vacuum polarization of the
photon, see equation (2.30).
xf , yf Form factors of the ZZ
′ mixing, see equation (1.29).
κf , κef , ρef Form factors taking into account the weak corrections,
see section 2.1.2.2.
κmf , κ
m
ef , ρ
m
ef Form factors (1.62) taking into account the ZZ
′ mixing.
κMf , κ
M
ef , ρ
M
ef Form factors (2.31) taking into account the weak corrections,
and the ZZ ′ mixing.
Chapters 3 and 4
ry1, AFBy1 Rapidity ratios as defined in equation (3.8).
rllZ , rννZ , rlνW Ratios from rare Z
′ decays, see equation (3.9).
RZ′V , V = Z,W, γ Ratios from associated Z
′ production, see equation (3.10).
qf(x,Q
2) Structure function defining the distribution of partons qf in the p(p¯).
cZ′ Model dependent constant defined in equation (3.16).
NZ′ Number of expected Z
′ events, compare equation (3.16).
f q(rz, Q
2) Integrated product of two structure functions, see equation (3.13).
fu(rz) Approximation (3.15) of f
q(rz, Q
2) for large Q2 and q = u.
Cud Is defined below equation (3.14), Cud = f
u(rZ)/f
d(rz).
x, y,Q2 Kinematic variables (4.3) in ep scattering.
AmnXY Asymmetries in (4.4) ep scattering.
QW Weak charge (4.6) measured in atomic parity violation.
Table A.3 Continuation of conventions and notation.
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Appendix B
Available FORTRAN programs for Z ′ fits
Several computer programs are available allowing either theoretical investigations or direct fits
to data. All officially released programs for Z ′ analyses known to the author are collected in
table B.1. In the first column, the name of the program is listed. The second column contains
references related to the program. If there exists a program description, its reference is printed
in bold. References to original papers describing the underlying physics of the program are
printed in roman. Examples of references, where the program was used in theoretical or
experimental Z ′ studies, are printed in italics. In the last column the location of the program
is given. It follows a short description of every program listed in the table.
ZCAMEL The program describes the pair production of massless fermions in e+e− collisions
including the full O(α) QED corrections and the exponentiation of soft photons radiated
from the initial state. It is a fast stand-alone program designed for theoretical studies.
Use ZEFIT for fits to data.
ZEFIT The program must be used together with ZFITTER. It describes the fermion pair pro-
duction in e+e− collisions. ZEFIT contains all additional Z ′ contributions needed for fits
to data. Special attention is paid to the simultaneous treatment of electroweak correc-
tions and ZZ ′ mixing needed for direct fits to data distributed around the Z peak. It is
designed for fits to data above the Z peak too.
ZFITTER describes fermion pair production in e+e− collisions. It contains all known SM
corrections needed for fits to data. It is designed for SM studies. It is required by
ZEFIT and distributed together with this code. The description of ZFITTER is needed to
work with ZEFIT. This is the reason why we list this code in table B.1.
GENTLE/4fan The stand-alone program describes the production of four fermions in e+e−
collisions. It contains all known SM corrections needed for fits to data. It is originally
designed for SM studies. It allows a study of Z ′ effects in W pair production using the
branch of anomalous couplings, see appendix C of the program description. An on–line
description can found at http://www.ifh.de/theory/publist.html .
PYTHIA is a general-purpose event generator for a multitude of processes in e+e−, ep and pp
physics. The emphasis is on the detailed modeling of hadronic final states, i.e. QCD
parton showers, string fragmentation and secondary decays. The electroweak description
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is normally restricted to improved Born–level formulae. It contains physics beyond the
SM as supersymmetry, extra neutral gauge bosons or leptoquarks. Pythia was used to
obtain the present Z ′ limits at hadron colliders.
Program Main References Location
ZCAMEL [78, 79], [130] ftp://gluon.hep.physik.uni-muenchen.de/zcamel.f
ZEFIT [30], [62, 100, 101, 126] http://www.ifh.de/˜riemanns/uu/zefit5 0.uu
ZFITTER [58], [76, 85, 270], [271] distributed together with ZEFIT
GENTLE/4fan [199], [175, 182, 272], [273] http://www.ifh.de/˜biebel/gentle2.f
PYTHIA v.6.1 [274], [275], [276] http://www.thep.lu.se/tf2/staff/torbjorn
Table B.1 Officially released FORTRAN programs designed for a Z ′ search.
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